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Zusammenfassung
Das Thema dieser Dissertation ist die Starke Wehselwirkung zwishen Gluonen und Quarks
mit Shwerpunkt auf den niht störungstheoretishen Aspekten des Gluonensektors. Es wer-
den hier Kontinuumsmethoden verwendet, um insbesondere das Phänomen des Farbeinshlus-
ses zu untersuhen. Der Farbeinshluss, welher die Detektion der elementaren Quarks und
Gluonen als freie Teilhen verhindert, verlangt ein Verständnis der langreihweitigen Weh-
selwirkungen. In der Störungstheorie können nur kurzreihweitige Korrelationen verlässlih
beshrieben werden. Ein niht störungstheoretisher Zugang ist durh das DysonShwinger
Integralgleihungssystem gegeben, das alle Greenfunktionen miteinander verknüpft. Eine Lö-
sung für den Gluonpropagator wird im asymptotish infraroten und ultravioletten Grenzwert
erzielt.
In Kapitel 1 werden redundante Freiheitsgrade der YangMills-Eihtheorie durh Fixierung der
Weyl und Coulombeihung vor der Quantisierung entfernt. Die Quantisierung mit Zwangs-
bedingungen unter Verwendung von DiraKlammern wird explizit ausgeführt. Als Resultat
erhält man den YangMillsHamiltonoperator.
Der asymptotishe Infrarotlimes der Korrelationsfunktionen in Coulombeihung wird in Kapi-
tel 2 im Rahmen des GribovZwanzigerSzenarios für den Farbeinshluss analytish untersuht.
Das Coulombpotential zwishen shweren Quarks als Teil des YangMillsHamiltonoperators
wird in diesem Limes berehnet. Die Übertragung der Lösungen in Coulombeihung auf den
Infrarotlimes der Landaueihung wird diskutiert.
Der hergeleitete Hamiltonoperator ermögliht die Bestimmung des Vakuumwellenfunktionals
mithilfe des Variationsprinzips in Kapitel 3. Numerishe Lösungen der Propagatoren in diesem
Vakuumzustand werden besprohen, und es wird aufgezeigt, dass der vorhergesagte Infrarotli-
mes tatsählih realisiert ist. Die Diskussion wird auf Vertexfunktionen erweitert. Des Weiteren
wird der Einuss der Näherungsmethoden auf die Lösungen untersuht.
Kapitel 4 ist vornehmlih dem Ultraviolettverhalten der Propagatoren gewidmet. Die Behand-
lung erfolgt sowohl in der Coulomb- als auh in der Landaueihung. Ein niht störungstheore-
tisher laufender Kopplungsparameter wird deniert und berehnet. Der ultraviolette Teil der
Variationslösungen aus Kapitel 3 wird mit den Forderungen der Störungstheorie verglihen.
In Kapitel 5 wird die Rükkopplung des Gluonensektors auf die Anwesenheit äuÿerer Ladungen
(shwerer Quarks) behandelt. Zu diesem Zwek werden kohärente Gluonenanregungen vorge-
shlagen, welhe der Anwesenheit äuÿerer Ladungen Rehnung tragen. Weitere Alternativen
zur Behandlung dieser Problemstellung werden besprohen.

Abstrat
The subjet of this thesis is the theory of strong interations of quarks and gluons, with par-
tiular emphasis on nonperturbative aspets of the gluon setor. Continuum methods are used
to investigate in partiular the onnement phenomenon. Connementwhih states that the
elementary quarks and gluons annot be deteted as free partilesrequires an understanding
of large-sale orrelations. In perturbation theory, only short-range orrelations an be reli-
ably desribed. A nonperturbative approah is given by the set of integral DysonShwinger
equations involving all Green funtions of the theory. A solution for the gluon propagator is
obtained in the infrared and ultraviolet asymptoti limits.
In hapter 1, redundant degrees of freedom of the YangMills gauge theory are removed by
xing the Weyl and Coulomb gauge prior to quantization. The onstrained quantization in
the Dira braket formalism is then performed expliitly to produe the quantized YangMills
Hamiltonian.
The asymptoti infrared limits of Coulomb gauge orrelation funtions are studied analytially
in hapter 2 in the framework of the GribovZwanziger onnement senario. The Coulomb
potential between heavy quarks as part of the YangMills Hamiltonian is alulated in this
limit. A onnetion between the infrared limits of Coulomb and Landau gauge is established.
The Hamiltonian derived paves the way in hapter 3 for nding the Coulomb gauge vauum
wave funtional by means of the variational priniple. Numerial solutions for the propagators
in this vauum state are disussed and seen to reprodue the antiipated infrared limit. The
disussion is extended to the vertex funtions. The eet of the approximations on the results
is examined.
Chapter 4 is mainly devoted to the ultraviolet behavior of the propagators. The disussion
is issued in both Coulomb and Landau gauge. A nonperturbative running oupling is dened
and alulated. The ultraviolet tails of the variational solutions from hapter 3 are ompared
to the behavior demanded by perturbation theory.
In hapter 5, the bak reation of the gluon setor on the presene of external harges (heavy
quarks) is explored. To this end, oherent exitations of gluoni modes are suggested to aount
for the presene of quarks. Further alternatives for the disussion of this issue are put forward.
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1. YangMills theory as a onstrained dynamial system
1 YangMills theory as a onstrained dynamial
system
In the development of quantum eletrodynamis (QED) [1℄, loal gauge invariane of the matter
elds served as a guiding priniple and it suessfully led to a highly aurate desription of
eletromagneti fores [2℄. The fundamental requirement of loality neessitates the existene
of bosoni gauge elds whih mediate the fores between the fermions. An impediment to
the anonial quantization of suh a dynamial system is the existene of redundant degrees
of freedom. This obstale an be overome for the eletromagneti theory, thanks to the
linear struture of its equations of motion. Quantum hromodynamis (QCD), on the other
hand, bears non-linearities that make the treatment far more ompliated. Sine QCD is the
non-abelian generalization of QED, the general struture of a gauge theory is inherited and
along with it its diulties. It will be shown in this hapter how the redundant degrees of
freedom an be related to onstraints in the lassial phase spae, and how quantization of
suh a dynamial system an be pursued. After a brief denition of YangMills (YM) theories,
amongst whih QCD is the SU (3 ) version, we rst examine onstrained systems in the ontext
of lassial mehanis to pave a way for the terminology. Seond, onstrained quantization is
exhibited for eletrodynamis as an illuminating example. Finally, we demonstrate how to
systematially follow the steps of onstrained quantization in the diult ase of YangMills
theory in Weyl and Coulomb gauge. The expliit form of the quantized Hamiltonian operator
will thus be derived in a quantization approah that diers from the anonial method.
1.1 Denition of YangMills theory
After a rst sporadi attempt by Klein as early as 1939 to generalize the eletromagneti theory
imposing non-abelian group struture [3℄, it took another 15 years until Yang and Mills were
able to provide the full aount of SU (2 ) non-abelian gauge theory [4℄. Its generalization to
SU (Nc) (with Nc = 3 realized in QCD) is straightforward, a lear introdution to the urrently
aepted denition of YM theory an be found, e.g., in Ref. [5℄. There are some good text
books on this topi, e.g. Ref. [6℄, yet the main elements of YM theory are outlined here to set
up a notation for this thesis.
The basi idea, following eletromagnetism as a guiding example, is to anel the hange of
the Dira Lagrangian
LD = ψ (iγµ∂µ −m)ψ (1.1)
under a loal symmetry transformation of its fermion elds ψa(x) in the intrinsi spae
1
ψa(x)→ ψUa (x) = Uab(x)ψb(x) (1.2)
1
The roman olor indies are used as subsript or supersript interhangeably.
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by the introdution of a gauge eld Aaµ(x). To ahieve this, the derivative ∂µ =
∂
∂xµ in the
Lagrangian (1.1) is replaed by
Dµ := ∂µ + gAµ (1.3)
whih transforms homogeneously, Dµ → UDµU †, whereas the matrix-valued gauge elds Aµ
transform inhomogeneously, aording to
Aµ(x) ≡ Aaµ(x)T a → AUµ (x) = U(x)Aµ(x)U †(x) +
1
g
U(x)∂µU
†(x) . (1.4)
The subsequent interation of gauge and matter elds is ontrolled by the oupling onstant g.
Originally, this proedure oined the term minimal substitution. Nowadays, with a deeper
understanding of the geometrial aspets whih allow lose analogies to general relativity [7℄,
we all Dµ the ovariant derivative, dened in Eq. (1.3) as ating on a eld in the fundamental
representation, suh as the quark eld ψa(x).
The unitary group elements U(x) ∈ SU (Nc),
U(x) = exp (−αa(x)T a) , α ∈ R , (1.5)
are ontinuously generated by N2c − 1 antihermitian matries Ta = −T †a that obey the Lie
algebra
[T a, T b] = fabcT c (1.6)
with the struture onstants fabc. For the quarks to transform as 3-vetors in the fundamental
representation of SU (3 ), one uses the well-known 3 × 3 GellMann matries for iT a. The
gauge elds Aµ, on the other hand, live in a (N
2
c −1)-dimensional vetor spae spanned by the
generators T a with the additional operation of ommutation (1.6). By an innitesimal expan-
sion of (1.4) in α using (1.6), one an see that Aaµ must transform in the adjoint representation
of SU (Nc),
(AU )aµ = A
a
µ + (Tˆ
b)acAbµα
c +
1
g
∂µα
a +O(α2) , (1.7)
where we dened
(Tˆ b)ac := fabc . (1.8)
Any linear ombination of the matries Tˆ a with eld operators shall be denoted by a aret, e.g.
Aˆµ ≡ AaµTˆ a, as opposed to the matries Aµ introdued in Eq. (1.4). The ovariant derivative
Dˆabµ ating on elds in the adjoint representation is dened by
Dˆabµ = δ
ab∂µ + gAˆ
ab
µ . (1.9)
Knowing the transformation properties of the gauge eld (1.4), one may onstrut from the
gauge ovariant eld strength tensor
Fµν :=
1
g
[Dµ,Dν ] = ∂µAν − ∂νAµ + g[Aµ, Aν ] , Fµν → UFµνU † (1.10)
12
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a gauge invariant ontribution to the Lagrangian density that is purely gluoni. It is the rst
term in the YangMills Lagrangian
LYM = 1
2
trFµν(x)F
µν(x) + gjaµ(x)A
µ
a(x) , (1.11)
whereas the seond term represents the oupling to the quark Nöther urrent of the olor
symmetry,
jaµ(x) = ψ(x)γµiT
aψ(x) , (1.12)
here treated as a lassial external eld. This thesis shall mainly be onerned with the
dynamis of the YangMills Lagrangian (1.11) and disregard the inuene of dynamial quarks.
It is hypothesized that unquenhing has a small eet on the gauge eld setor.
2
The olor
trae in Eq. (1.11) with the onvention tr(T aT b) = −12δab guarantees that the gluoni energy
is positive denite, f. (1.18).
With the ation priniple, the Lagrangian formalism provides a possibility to derive equations
of motion where Lorentz invariane is manifest. Applying a funtional derivative w.r.t. the
gauge eld to the YangMills ation
S =
∫
d4xLYM (x) (1.13)
one nds
3
Dˆabµ F
µν
b = −gjνa (1.14)
and, using the Bianhi identity [Dµ, Fνρ] + cycl.perm. = 0 ,
1
2
ǫµνρσDˆabµ F
a
ρσ = 0 . (1.15)
In order to derive a Hamiltonian, one introdues onjugate momenta
Πaµ(x) =
δL
δ∂0A
µ
a(x)
= F aµ0(x) (1.16)
and readily notes that due to the antisymmetry of Fµν
Πa0(x) = 0 . (1.17)
2
The nonperturbative onnement phenomenon is known to exist in the absene of avors, Nf = 0, from
lattie alulations [8℄. In the perturbative regime, a small number of quark avors (Nf < 16) will not remove
the property of asymptoti freedom. Reent ontinuum studies [9℄ as well as lattie alulations [10℄ indiate
that the eet of unquenhing on hadroni observables is small.
3
Note that Fµνa transforms in the adjoint representation, therefore it is natural that the ovariant derivative
Dˆµ is found here.
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Eq. (1.17) is understood as a onstraint on the phase spae variables and will be shown to
ompliate the quantization proess. The Legendre transform gives the Hamiltonian H,
H =
∫
d3x
(
Πaµ∂0A
µ
a − LYM
)
=
∫
d3x
(
ΠkaF
a
0k +Π
k
aDˆ
ab
k A
b
0 +
1
2
F ak0F
k0
a +
1
4
F aijF
ij
a − gjµaAaµ
)
=
∫
d3x
(
−1
2
ΠkaΠ
a
k +
1
4
F aijF
ij
a −Aa0Dˆabk Πkb − gAa0ρaext − gAakjka
)
=
1
2
∫
d3x
(
Π2a +B
2
a
)− ∫ d3xAa0Ga + g ∫ d3xAa · ja , (1.18)
with the abbreviations for the external olor harge density ρa
ext
= ja0 , the olor magneti eld
Bak = −12ǫijkF aij and
Ga(x) = Dˆabk (x)Πkb (x) + gρaext(x) . (1.19)
In the Lagrangian equations of motion we reognize that the Gauss law an be written as
Ga = 0, see Eq. (1.14) for ν = 0.4 However, in the Hamiltonian approah, the Gauss law
annot be found as an equation of motion but must be implemented as a onstraint, as will
be disussed below.
The quantization of a gauge theory is a deliate task, already in the abelian ase. Sine the
gauge transformation indiates that the eld variables Aak(x) ontain unphysial degrees of
freedom, it is not lear a priori whether the anonial quantization leads to the orret results,
i.e. whether it ontains the lassial theory in the limit ~ → 0. It is disussed in some detail
in the following setions how a gauge theory an be understood as a onstrained system and
how to go about with its quantization.
Although in the Lagrangian formalism Lorentz invariane an be made manifest, it is some-
times favorable to use the Hamiltonian formalism instead. The path integral method provides
an elegant way of quantizing a theory ovariantly in the Lagrangian formalism. However,
it is rather unsuitable to alulate, e.g., the Balmer formula for hydrogen, one of the rst
exerises in quantum mehanis [11℄. The Hamiltonian approah to the quantum theory of
eletromagnetism and YM theory shall be the main fous of this work. One the onjugate
momenta are dened and one passes over to the Hamiltonian, Lorentz ovariane is lost sine
a referene frame has been hosen. Nevertheless, Lorentz invariane is maintained. This an
be understood, e.g., by expliit alulation in Coulomb gauge for eletromagnetism [12℄ or by
riteria for ommutation relations in Coulomb gauge quantum YangMills theory [13℄.
1.2 Constrained dynamis
In this setion we shall disuss the importane of onstraints of a dynamial system for its time
evolution and for its quantization proedure. The basi idea was developed by Dira [14, 15℄
4
In eletrodynamis, one denes the eletri eld as Ek = −Πk and thus gains the familiar form of the
Maxwell equation ∇ ·E = eρ.
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and very pedagogially presented in his Yeshiva letures [16℄. Dira and many of his suessors
tried to maintain a high level of generality in favor of the appliability to any given system,
say eletrodynamis or even general relativity [17℄. However, it turned out that exeptions to
the quite general laims an be found. Therefore, only the onepts relevant to YangMills
theory will be introdued here. For additional information, see e.g. [18, 19, 20℄.
Consider a lassial mehanial system desribed by a Lagrangian L(qi, q˙j). The Legendre
transformation to a Hamiltonian H(qi, pj) with onjugate momenta pk an be ahieved if we
an solve the equation
pk :=
∂L
∂q˙k
(1.20)
for the veloities q˙k, whih is loally guaranteed by a regular Hessian
det
(
∂2L
∂q˙i∂q˙j
)
6= 0 . (1.21)
The phase spae Γ is then dened as a set of independent elements {qi, pj}. In the ase of
a singular Lagrangian where Eq. (1.21) does not hold, some of the momenta pk are depen-
dent. Moreover, additional dependenes among the qk and pk may arise from the Hamiltonian
equations of motion. Generally, one may formulate all dependenes as a number of onstraints
ϕm(q, p) ≈ 0 . (1.22)
by whih the dimension of phase spae is redued. Below, the symbol '≈' is explained. The
onstraints (1.22) then hold in a subset ΓR ⊂ Γ of the original phase spae. The Hamiltonian
H an be supplemented by the onstraints (1.22) with some arbitrary Lagrange multipliers
vm,
HT = H + vmϕm (1.23)
We refer to HT as the total Hamiltonian. The ommon variational alulus with onstraints
gives rise to Hamiltonian equations of motion in ΓR,
q˙k =
∂H
∂pk
+ vm
∂ϕm
∂pk
≈ {q,HT } (1.24a)
p˙k = −∂H
∂qk
− vm ∂ϕm
∂qk
≈ {p,HT } (1.24b)
Above, we have made use of the Poisson braket for any funtions f(q, p) and g(q, p),
{f, g} = ∂f
∂qk
∂g
∂pk
− ∂f
∂pk
∂g
∂qk
(1.25)
Note that there is a '≈' symbol in Eq. (1.24), a notation due to Dira whih emphasizes that
one is to rst alulate the Poisson brakets and then set the onstraints (1.22) to zero. These
kinds of relations are termed weak equations and are spei to the use of Poisson brakets.
It may be stressed here that the anonial quantization with suh weak equations leads to the
irumstane that some quantum onstraints annot be imposed as operator identities but only
15
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as projetions on states. Below, we shall introdue generalized Poisson brakets that make the
usage of weak equations redundant.
The time evolution of any given phase spae funtion g(q, p) that does not expliitly depend
on time is given by the Poisson braket in a onise way:
g˙ ≈ {g,HT } . (1.26)
The total Hamiltonian HT obviously serves as the generator of time evolution. However, the
multiplier funtions vm ontained in it leave an arbitrariness. Given some initial onditions,
say g(0) = g0, g(t) at some nite time t is not unique sine we an hoose the vm to be one
value or another. After an innitesimally small time δt, the funtion g will yield
g(δt) ≈ g0 + {g0,H}δt+ vm{g0, ϕm}δt . (1.27)
Imagine we take two dierent sets of multiplier funtions v′m and v
′′
m. Comparing these two
arbitrary hoies to alulate g′(δt) and g′′(δt), using (1.27), leads to
g′′(δt) ≈ g′(δt) + ǫm{g0, ϕm} (1.28)
with ǫm = (v
′′
m − v′m)δt. Evidently, the two physially equivalent values g′(δt) and g′′(δt)
are related by a term generated by the onstraints ϕm. This suggests that the physial state
remains unhanged under transformations of the kind
g(q, p)→ gǫ(q, p) = g(q, p) + ǫm{g, ϕm} (1.29)
However, we have to be areful with the interpretation, as shown below.
The onstraints (1.22) need to be heked for onsisteny, i.e. they should hold at all times.
In view of Eq. (1.26) this requirement gives rise to the onditions
ϕ˙k = {ϕk,H}+ {ϕk, ϕm}vm ≈ 0 (1.30)
whih an atually x the multiplier funtions vm so long as the matrix
Ckm := {ϕk, ϕm} (1.31)
is invertible. We now distinguish rst-lass and seond-lass onstraints [16℄. By denition, a
rst-lass onstraint has vanishing Poisson brakets with all other onstraints. With rst-lass
onstraints present, the matrix (Ckm) in Eq. (1.31) beomes singular, det (Ckm) ≈ 0. In the
absene of rst-lass onstraints, all onstraints are termed seond-lass, and one an show [21℄
that
det (Ckm) /≈ 0 . (1.32)
If Eq. (1.32) holds and only seond-lass onstraints are present, we an x the multiplier
funtions vm using the onsisteny onditions (1.30) by
vk = −C−1km{ϕm,H} (1.33)
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and derive that g(t) with seond-lass onstraints satises the equation of motion
g˙ = {g,H} − {g, ϕk}C−1km{ϕm,H} ≡ {g,H}D . (1.34)
Here, the Dira braket was introdued,
{f, g}D := {f, g} − {f, ϕk}C−1km{ϕm, g} . (1.35)
It is lear from Eq. (1.34) that the time evolution of the initial state g0 is unique. The Dira
braket provides a formalism that yields equations of motion with (seond-lass) onstraints.
Furthermore, the onstraints (1.22) whih are regarded as weak equations w.r.t. Poisson brak-
ets, an be used as strong (ordinary) equations if one uses the Dira braket instead, sine for
any funtion f
{ϕk, f}D = {ϕk, f} − {ϕk, ϕj}C−1jm{ϕm, f} = 0 . (1.36)
These ideas led Dira to propose a quantization tehnique for onstrained dynamial systems,
known as onstrained quantization
5
, making use of the Dira brakets in the fundamental
ommutation relations of operators qˆi and pˆi,
i~{qi, pj}D → [qˆi, pˆj] . (1.37)
While the Dira brakets has most of the features of the Poisson brakete.g. antisymmetry,
linearity, Jaobi identity, produt rulethe fundamental Dira brakets are generally not as
simple as the Poisson brakets, {qi, pj}D 6= δij . In linear theories, suh as QED (disussed in
the next setion) this does not pose a problem to the quantization presription (1.37) sine
the fundamental Dira brakets do not involve eld variables. However, in the non-linear YM
theory, onstrained quantization is more diult. This will be dealt with in setion 1.4.
Let us ome bak to the laim that onstraints generate transformations among physially
equivalent states, see Eq. (1.29). For seond-lass onstraints, this an ertainly not be orret,
sine all multiplier funtions are xed, as we have seen in Eq. (1.33). To understand this aveat,
note that the transformations (1.29) generated by seond-lass onstraints kik the system out
of the redued phase spae ΓR sine for g = ϕk
ϕ′′k = ϕ
′
k + {ϕk, ϕm}ǫm /≈ 0 . (1.38)
That is, the transformations (1.29) generated by seond-lass onstraints are not symmetries
of the theory.
On the other hand, if we onsider rst-lass onstraints only, then the Poisson brakets all
vanish, {ϕi, ϕj} = 0, and the transformations (1.29) are indeed suh that the system remains in
the redued phase spae ΓR where the onstraints are satised. They give rise to an equivalene
lass
6
[(q, p)] = {(qǫ, pǫ) ∈ ΓR | (q, p) ∼ (qǫ, pǫ) , ǫ ∈ R} (1.39)
5
It is also assoiated with the lengthy expression redued phase spae quantization.
6
The equivalene relation ∼ is here represented by the transformations innitesimally dened in Eq. (1.29).
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ΓR
(q ,p )0 0
Γ
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v’
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ΓR
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χ’’
Γ
same physics
χ
Figure 1.1: Left: Ambiguity in time evolution of an initial point (q0, p0) in
the redued phase spae ΓR. Dierent hoies (v, v
′
, v′′) of the arbitrary
multiplier funtions lead to dierent trajetories in ΓR. Right: At a xed
time, the gauge orbit (solid line) represents physially equivalent states.
The gauge xing ondition χ is admissible, whereas χ′ fails to be unique
and χ′′ is not attainable by a gauge transformation.
of phase spae variables that all orrespond to the same physial state. Any set of (qi, pj)
uniquely determines the state but the reverse is not true, see Fig. 1.1. These onsiderations
infer that the rst lass onstraints are the generators of symmetries of the theory.
It should be noted here that the above statement, known as Dira's onjeture is not a
rigorous theorem. Counter examples an be onstruted [22℄, and it takes further lassiations
of onstraints (primary and seondary) to identify the exat set of generators of symmetry
transformations in general. However, all physial appliations agree with Dira's onjeture
and the issue is somewhat aademi. In partiular, the gauge transformations of QED and
YM theory are generated by rst-lass onstraints (see below). In this ontext, the equivalene
lass (1.39) is also referred to as the gauge orbit.
The quantization in the presene of rst-lass onstraints is performed either in the path-
integral formalism [23℄, or by a projetion on the physial Hilbert subspae [5, 24℄. Alterna-
tively, one an x the gauge on the lassial level and then quantize with the Dira presription
(1.37). When xing the gauge, one eetively piks out a single representative from the equiv-
alene lass (1.39) generated by the rst-lass onstraints. In pratie, this is ahieved by
imposing supplementary onstraints (gauge onditions)
χn ≈ 0 (1.40)
that turn the rst-lass onstraints ϕm into seond-lass ones and hene obey
det({χn, ϕm}) 6= 0 . (1.41)
The onstraints ϕm that formerly were rst-lass thus ease to ause an ambiguous time
evolution of the system. With all onstraints being seond-lass, all multiplier funtions are
xed and one an use the Dira braket to proeed with the quantization.
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In order to arrive at a physial gauge where all unphysial degrees of freedom are eliminated,
the number of gauge onditions must equal the number of rst-lass onstraints, hene the
matrix that appears in Eq. (1.41) is quadrati. In priniple, the gauge onditions (1.40) are
quite arbitrary, exept for the requirements of uniqueness and attainability. Uniqueness an
be established loally as follows: Consider in Fig. 1.1 (right panel) the gauge orbit at a xed
time tf and assume without loss of generality that the point (q
f , pf ) satises χn(q
f , pf ) = 0.
The transformation
χn → χǫn = χn + ǫm{χn, ϕm} (1.42)
within the gauge orbit is not to yield any further solutions χǫn ≈ 0 unless it is the identity
transformation, ǫ = 0. Otherwise, the gauge xing ondition speies (at least) two elements
of the gauge orbit, see χ′ in Fig. 1.1. With the ondition (1.41) on the χn, one an see from Eq.
(1.42) immediately that ǫ = 0 is the only solution to χǫn ≈ 0 and therefore the point (qf , pf ) is
unique.
7
Moreover, a sensible gauge ondition has to be attainable by a gauge transformation.
Otherwise, we would have the situation in whih the gauge xing ondition does not interset
with the gauge orbit at all, see χ′′ in Fig. 1.1.
In summary, the general proedure of quantizing lassial mehanis in the presene of on-
straints has been disussed. It has not been shown how to nd the entire set (1.22) of on-
straints starting from the Lagrangian. This an be ahieved with the so-alled Dira-Bergmann
algorithm [14, 15, 25℄. It inorporates the stationarity of onstraints that are found in the equa-
tion of motion or in the mere denition of onjugate momenta.
1.3 Quantum eletrodynamis
An illuminating example of the formalism exhibited above is the quantization of eletrody-
namis in Weyl and Coulomb gauge. There are no diulties in promoting the ideas from
point mehanis to a eld theory, the disrete indies of the generalized oordinates are merely
replaed by the ontinuous spaetime dependene.
The eletromagneti theory is the abelian version of the general set of YM theories desribed
in setion 1.1, reovered by setting fabc = 0 in the Lie algebra (1.6). In the absene of external
harges, one nds from (1.11) the well-known Lagrangian density
L = −1
4
FµνF
µν , Fµν = ∂µAν − ∂νAµ . (1.43)
As quoted in Eq. (1.17), the onjugate momentum of the A0 eld vanishes and we an write
down a rst onstraint ϕ1 as
8
ϕ1(x) := Π0(x) =
δL
δ∂0A0(x)
≈ 0 . (1.44)
7
The global issues of uniqueness will be disussed below in the ontext of YM theory.
8
In eld theory, an innite number of onstraints is speied, one at eah spaetime point.
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The Hamiltonian funtion depending on the elds A0(x), Ak(x) and the onjugate momenta
Πk(x) reads
H =
1
2
∫
d3x
(
Π2(x) +B2(x)
) − ∫ d3xA0(x)∂kΠk(x) . (1.45)
From now on, we write Πk(x) for the omponents of the ontravariant tensor Π
k(x) = F k0(x).
This hange in notation will beome useful in the nonabelian ase where the eld operators
also have a olor index. The Hamiltonian (1.45) determines the time evolution via the Poisson
brakets. The fundamental Poisson brakets are given by
{Aµ(x, t),Πν(y, t)} = δµνδ3(x,y) . (1.46)
Sine the onstraint (1.44) is stationary,
ϕ2(x) := {Π0(x),HT } = {Π0(x),H +
∫
d3y v1(y)Π0(y)} = ∂kΠk(x) ≈ 0 (1.47)
has to hold weakly where v1(x) is an arbitrary multiplier funtion. We reognize Eq. (1.47) as
the Gauss law. Following the Dira-Bergmann algorithm, we an hek if further onstraints
arise from requiring that ϕ2 is onstant in time. One nds{
ϕ2(x),H +
∫
d3y (v1(y)Π0(y) + v2(y)∂kΠk(y))
}
= 0 (1.48)
and thus the omplete matrix of onstraints Cij , see Eq. (1.31), is given by ϕ1 and ϕ2 whih
are obviously rst-lass, {ϕ1, ϕ2} = 0.
As we have shown in the preeding setion, the rst-lass onstraints serve as generators of
gauge transformations. Here, it an be expliitly veried that the transformations Aµ →
Aµ + δAµ with
δϕ1A0(x) =
∫
d3x′ {A0(x), ϕ1(x′)}α1(x′) = α1(x) , δϕ1Ak(x) = 0 (1.49a)
δϕ2Ak(x) =
∫
d3x′ {Ak(x), ϕ2(x′)}α2(x′) = −∂kα2(x) , δϕ2A0(x) = 0 (1.49b)
are symmetries of the Lagrangian (1.43). The general form (1.4) of gauge transformations in
the Lagrangian formalism, with generator T = i1 of the group U (1 ) and gauge oupling g = e,
reads
Aµ(x)→ Aαµ(x) = Aµ(x) +
1
e
∂µα(x) . (1.50)
If we wish to identity an α(x) in Eq. (1.50) that orresponds to the transformations (1.49),
it is reognized that Eq. (1.49a) orresponds to spatially independent gauge transformations
α(t) with α1(t) = ∂0α(t)/e whereas Eq. (1.49b) orresponds to time-independent gauge trans-
formations with α(x) = −α2(x)/e.
In the quantization proedure, the problem arises that due to the gauge invariane (1.49) there
are more variables than physial degrees of freedom. The onstraints (1.44) and (1.47) then
should be taken into aount in the Dira formalism. Before we do so, it is briey skethed
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here how the anonial quantization is usually pursued with Poisson brakets. With the hoie
of Weyl gauge, A0(x) = 0, the rst onstraint, Π0(x) ≈ 0, does not ause any diulties for
the quantization of the time-omponents of the elds. The anonial Poisson brakets are
used to promote the spatial lassial elds to operator-valued elds that obey the equal-time
ommutation relations
[Ai(x),Πj(y)] = iδijδ
3(x,y) . (1.51)
Sine the Gauss law (1.47) is an equation that holds only weakly on the lassial level, it is
not a surprise that it leads to a ontradition with the ommutation relations,
0 = [Ak(x), ∂
y
j Πj(y)] = ∂
y
j [Ak(x),Πj(y)] = i∂
y
k δ
3(x,y) 6= 0 . (1.52)
The requirement that the Gauss law holds as an operator identity is therefore abandoned and
one usually restrits the Hilbert spae to the kernel of the Gauss law operator G,
∂ykΠk(y) |Ψ〉 = 0 , (1.53)
Let us mention here that the quantum theory is desribed in the Shrödinger piture where
the eld operators are independent of time.
Constrained quantization has the generi feature that the onstraints an be imposed as strong
equations one the Poisson brakets are replaed by the Dira brakets. In the so quantized
theory, the onstraints hold as operator identities and an be used to eliminate unphysial
degrees of freedom. Before the Dira brakets an be introdued, all rst-lass onstraints
have to be degraded to seond lass by imposing gauge xing onditions. We now hoose Weyl
and Coulomb gauge to render the onstraints (1.44) and (1.47) seond lass,
χ1(x) = A0(x) ≈ 0 (1.54a)
χ2(x) = ∂kAk(x) ≈ 0 (1.54b)
The Weyl or temporal gauge ondition (1.54a) xes the gauge transformations (1.49a) gen-
erated by the rst-lass onstraint Π0 ≈ 0, whereas the Coulomb gauge ondition (1.54b) xes
the gauge transformations (1.49b) generated by the rst-lass onstraint ∂kΠk(x) ≈ 0 whih
is the Gauss law. Thus, the gauge is xed ompletely
9
on the lassial level and we will refer
to the joint onditions (1.54a) and (1.54b) as the temporal Coulomb gauge.
All (seond-lass) onstraints are now olleted in a vetor φ = (ϕ1, ϕ2, χ1, χ2), and we redene
the matrix (1.31) by Cij(x,y) = {φi(x), φj(y)} whih an be evaluated for a xed time t using
the fundamental Poisson brakets (1.46) to yield
(Cij)(x,y) =

0 0 −δ3(x,y) 0
0 0 0 ∂2δ3(x,y)
δ3(x,y) 0 0 0
0 −∂2δ3(x,y) 0 0
 , (1.55)
9
Up to global gauge transformations.
21
1. YangMills theory as a onstrained dynamial system
Sine Cij is regular by onstrution, we an also write down its inverse,
(C−1ij )(x,y) =

0 0 +δ3(x,y) 0
0 0 0 14π|x−y|
−δ3(x,y) 0 0 0
0 − 14π|x−y| 0 0
 . (1.56)
The fundamental Dira brakets an be alulated straightforwardly from the denition (1.35),
{Ai(x),Πj(y)}D = {Ai(x),Πj(y)}
−
∫
d3x′d3y′{Ai(x), φm(x′)}C−1mn(x′,y′){φn(y′),Πj(y)}
= δijδ
3(x,y)−
∫
d3x′d3y′∂x
′
i δ(x,x
′)
1
4π|x′ − y′|∂
y′
j δ(y
′,y)
= δijδ
3(x,y)− ∂xi ∂yj
1
4π|x− y| =: tij(x)δ
3(x,y) =: tij(x,y) (1.57)
where the last line denes the transverse projetor tij(x). The denition of the matrix-valued
distribution tij(x,y) will be useful as well.
Quantization is ahieved by the presription
10
{Ai(x),Πj(y)}D = tij(x,y) → [Ai(x),Πj(y)] = itij(x,y) (1.58)
whih provides information on how the momentum operator Πk(x) ats on the wave funtional
〈A|Ψ〉 = Ψ[A] in the oordinate representation. Yet, not all omponents of Πk(x) are deter-
mined by Eq. (1.58) sine the transverse projetor has zero modes, ∂ixtij(x,y) = ∂
j
ytij(x,y) =
0. To be spei, the longitudinal omponents of the eld operators are left unonstrained
by Eq. (1.58). We split the eld operators into longitudinal and transversal omponents,
Ai = A
⊥
i + A
‖
i with A
⊥
i (x) = tij(x)Aj(x) (and for Π aordingly), and nd from Eq. (1.58)
that
[A⊥i (x),Π
⊥
j (y)] = itij(x,y) . (1.59)
The additional information needed for A
‖
k and Π
‖
k omes from the onstraints themselves,
Eqs. (1.47) and (1.54b), that now hold as operator identities. The longitudinal projetions by
ℓij := δij − tij of both eld operators are identially zero,
A
‖
i (x) ≡ ℓij(x)Aj(x) = 0 (1.60)
Π
‖
i (x) ≡ ℓij(x)Πj(x) = 0 (1.61)
Here, no ontradition to the ommutation relations (1.58) arises,
0 = [Ak(x), ∂
y
j Πj(y)] = ∂
y
j [Ak(x),Πj(y)] = i∂
y
j tkj(x,y) = 0 , (1.62)
10
The eld operators are denoted by the same symbols as their lassial ounterparts. It should be lear
from the ontext whih objets the symbols refer to.
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unlike in the quantization proedure with Poisson brakets, f. Eq. (1.52). The transverse
omponents of the momentum operator is found in view of Eq. (1.59) to be
Π⊥k (x) = tkj(x)
δ
iδA⊥j (x)
. (1.63)
Quantization is thus omplete and one may nd from (1.45) the gauge-xed quantum Hamil-
tonian
H[A⊥,Π⊥] =
1
2
∫
d3x
(
Π⊥
2
+B2[A⊥]
)
. (1.64)
After all, we have arrived at a Hamiltonian expressed in terms of gauge-invariant variables.
Note that A⊥k is left unhanged by gauge transformations (1.50) and Πk = Fk0 transforms
homogeneously in view of (1.10) and hene transforms trivially in the abelian theory.
1.4 Constrained quantization of YangMills theory
The transfer of the tehniques used in the previous setion to non-abelian theories is aggravated
by non-linearities in the equations of motions. Nevertheless, onstrained quantization of YM
theory in the temporal Coulomb gauge is feasible. This setion is devoted to presenting the
steps of alulation that lead to the gauge-xed Hamiltonian operator of YM theory with stati
external quark elds.
Usually, the anonial quantization is performed in the Weyl gauge where the spatial ompo-
nents of the gauge eld an be treated as a set of Cartesian oordinates, and after quantization
a oordinate transformation to urvilinear oordinates in the Coulomb gauge is undertaken
[24, 26, 27, 28℄. This orresponds to an inomplete gauge xing before quantization and is
known to bring about a number of diulties [29℄. For instane, if only the Weyl gauge,
Aa0 = 0, is enfored, the Gauss law annot be used as an operator equation and has to be
imposed as a projetion onto a physial Hilbert spae [30, 5℄, see also [31℄. The physial states
are not normalizable as an artefat of the residual gauge invariane [32℄. Moreover, the om-
mutator
[Ga,Gb] may be anomalously broken whih obsures the projetion on states [33, 34℄.
Another diulty in xing only the Weyl gauge is that the perturbative gauge eld propagator
is plagued by unphysial poles [35℄.
In the present thesis, the gauge shall be ompletely xed
11
already at the lassial level by
imposing the temporal Coulomb gauge onditions
Aa0(x) ≈ 0 (1.65a)
Dˆabk (x)A
b
k(x) = ∂kA
a
k(x) ≈ 0 (1.65b)
and only afterwards, the quantization will be issued with the Dira brakets. This hoie was
also disussed in [36, 37℄. Complete gauge xing, suh as the temporal Coulomb gauge (1.65),
11
See footnote 9.
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has the advantage that it an be hosen suh as to remove all unphysial degrees of freedom.
The Gauss law then holds as an operator identity. In exhange, the algebra of the quantization
proedure is slightly more involved.
Analogously to eletrodynamis, the rst onstraint to momentum phase-spae is given by the
time omponent of the momentum operator
ϕa1(x) := Π
a
0(x) =
δLYM
δ∂0Aa0(x)
≈ 0 . (1.66)
The Hamiltonian (1.18) with ja = 0 for simpliity,
H =
1
2
∫
d3x (ΠakΠ
a
k +B
a
kB
a
k)−
∫
d3xAa0Ga (1.67)
serves as the generator of time translations.
12
The stationarity of the onstraint (1.66) gives a
further onstraint,
ϕa2(x) := {ϕa1(x),HT } = Ga(x) = Dˆabk (x)Πbk(x) + gρaext(x) ≈ 0 , (1.68)
where the equal-time fundamental Poisson brakets were employed,{
Aaµ(x, t),Π
b
ν(y, t)
}
= δµνδ
abδ3(x,y) . (1.69)
The onstraint ϕ2 is found to be stationary using the well-known identity [34℄
{Ga(x, t),Gb(y, t)} = gfabcGc(x, t)δ3(x,y) ≈ 0 . (1.70)
The above quantity weakly vanishes
13
in view of Eq. (1.68) and therefore the onstraints ϕ1
and ϕ2 in Eqs. (1.66) and (1.68) form the omplete set of onstraints. The latter are rst-lass
and are turned into seond-lass by the gauge xing ondition (1.65).
Before proeeding to the alulation of the Dira brakets, let us introdue a onvenient short-
hand notation. The oordinate dependene is absorbed into the olor index whih is thus
understood as a olletive index. Vetors in Lorentz spae keep their Lorentz indies to avoid
an over-estranged notation. All elds are onsidered at a xed time. Repeated indies are
summed over, i.e. for the olor indies this implies an integration over the impliit oordinate
dependene.
For instane,
Aak(x) ≡ Aak , Πak(x) ≡ Πak . (1.71)
In addition, derivatives are written as matries in oordinate and olor spae,
∂xk δ
3(x,y)δab ≡ ∂abk , Dˆabk (x)δ3(x,y) ≡ Dˆabk . (1.72)
12
In the same way as in the previous setion, we write Πak(x), meaning Π
ka(x).
13
A theorem due to Dira [14℄ ensures that a Poisson braket of two rst-lass onstraints is again rst-lass.
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Note that these matries are antisymmetri under the exhange of the olletive indies,
∂abk = −∂bak , Dˆabk = −Dˆbak . (1.73)
Also note the symmetri matries
δabδ3(x,y) ≡ δab , δabtij(x,y) ≡ tabij , δabℓij(x,y) ≡ ℓabij . (1.74)
The onstraints along with the gauge-xing onditions are olleted in a vetor φ with elements
φa1 = ϕ
a
1 = Π
a
0 ≈ 0 (1.75a)
φa2 = ϕ
a
2 = Ga ≈ 0 (1.75b)
φa3 = χ
a
1 = A
a
0 ≈ 0 (1.75)
φa4 = χ
a
2 = ∂
ab
k A
b
k ≈ 0 (1.75d)
to give a regular onstraint matrix Cab =
({φam, φbn}). The relevant Poisson brakets for its
alulation yield
{Aa0,Πb0} = δab (1.76a)
{Aai ,Πbj} = δijδab (1.76b)
{Aak, φb2} = Dˆbcj {Aak,Πcj} = −Dˆabk (1.76)
{φa4,Πbk} = ∂acj {Acj ,Πbk} = ∂abk (1.76d)
{φa2, φb4} = Dˆaci ∂bdj {Πci , Adj} = Dˆaci ∂cbi =: −[G−1]ab (1.76e)
In the last line we have dened the non-loal matrix G−1 whih is symmetri in view of the
antisymmetri matries in Eq. (1.73). Furthermore, due to the Coulomb gauge ondition
(1.65b), it obeys the relation
[G−1]ab = −Dˆack ∂cbk = −∂ack Dˆcbk (1.77)
and its inverse G is dened by
Gac[G−1]cb = [G−1]acGcb = δab . (1.78)
All (weakly) non-zero matrix elements (Cab)mn are now given by Eqs. (1.76a) and (1.76e) so
that the onstraint matrix reads
Cab ≈

0 0 −δab 0
0 0 0 −[G−1]ab
δab 0 0 0
0 [G−1]ab 0 0
 (1.79)
and its inverse is given by
[C−1]ab ≈

0 0 δab 0
0 0 0 Gab
−δab 0 0 0
0 −Gab 0 0
 . (1.80)
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At this point, let us emphasize that the matrix G, whih will be the lassial ounterpart of
the ghost operator, an only be made expliit by an innite series expansion in the oupling
onstant g.14 This has led some authors to refrain from the onstrained quantization with
suh a onstraint matrix, see Refs. [19, 38, 39℄. In Refs. [40, 41℄, a Hamiltonian operator is
obtained but one is left with operator ordering ambiguities. In other gauges, where A0 6= 0, the
expression for Cab beomes even more ompliated [20℄. Our approah aims at a omparison
to the Christ-Lee Hamiltonian [24℄ in the temporal Coulomb gauge. Therefore, let us press
on with the formal expression for G dened by (1.78) and with the inverse onstraint matrix
(1.80).
The fundamental Dira brakets are dened by
{Aaµ,Πbν}D = {Aaµ,Πbν} − {Aaµ, φa
′
m}([C−1]a
′b′)mn{φb′n ,Πbν} (1.81)
and, using Eq. (1.76), are alulated to yield
{Aa0,Πbk}D = {Aa0 ,Πb0}D = {Aak,Πb0}D = 0 (1.82)
{Aai ,Πbj}D = δijδab − (−Dˆaci )Gcd∂dbj = δijδab + Dˆaci Gcd∂dbj =: T abij (1.83)
It is lear that the Dira brakets (1.82) must vanish sine, by onstrution, the Dira braket
of a onstraint with any phase spae funtion vanishes, reall Eq. (1.36). In partiular, the
Gauss law funtional Ga = φa2 has vanishing Dira braket with any funtion O[A,Π],
{Ga,Ob}D = 0 , (1.84)
as one may easily onvine oneself, f. Eq. (1.36). All seond-lass onstraints equations hold
strongly. The non-symmetri matrix T abij ourring in Eq. (1.83) an be understood in some
sense as a non-abelian generalization of the transverse projetor tij .
15
It obviously has the
projetor property T 2 = T , and the projetor orthogonal to it is given by L := 1 − T . We
thus have
Labij = −Dˆaci Gcd∂dbj , T abij = δabij + Dˆaci Gcd∂dbj , TL = LT = 0 . (1.85)
Just like for tij , it is important to note that T
ab
ij has zero modes,
∂abi T
bc
ij = T
ab
ij Dˆ
bc
j = 0 . (1.86)
We are now ready to pass to the quantum theory with the presription
i{Aaµ,Πbν}D → [Aaµ,Πbν ] . (1.87)
It is understood that all elds are operators heneforth. The seond-lass onstraints (1.75)
now hold strongly and an be imposed as operator identities,
Aa0 = Π
a
0 = Ga = A‖ak = 0 . (1.88)
14
On top of that, zero modes of the matrix G−1 infer that G exists only in subspae of ΓR. This will be
disussed in hapter 2.
15
Letting Dˆ → ∂, one regains the familiar expression (1.57). Note the sign in G = −(Dˆ∂)−1.
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In order to arrive at a representation for the momentum operator Πak that is to obey
[A⊥ai ,Π
b
j ] = iT
ab
ij , (1.89)
it is helpful to split it into the orthogonal projetions (from the right side) of T and L,
Πak = Π
Ta
k +Π
La
k , Π
Ta
k = Π
b
jT
ba
jk , Π
La
k = Π
b
jL
ba
jk . (1.90)
The ommutation relations (1.89) are thus deomposed into two separate ones,
[A⊥ai ,Π
Lb
j ] = 0 (1.91)
[A⊥ai ,Π
Tb
j ] = iT
ab
ij (1.92)
and a situation similar to the abelian ase, f. setion 1.3, ours. Reall that the longitudinal
omponent Π‖ obeyed a trivial ommutation relation equivalent to ΠL in (1.91) and had
to be determined by the (strong) Gauss law (1.61). The transverse omponent Π⊥ obeyed
[A⊥i ,Π
⊥
j ] = tij whih has the easily found solution (1.63). Here, the non-abelian projetor
T (1.85) in [A⊥,ΠT ] = iT ontains eld operators A⊥. Nevertheless, a representation of ΠTak
an be found to be
ΠTak = T
ba
jk
δ
iδA⊥bj
= T bajkΠ
⊥b
j , (1.93)
as veried by plugging Eq. (1.93) into Eq. (1.92). Note here that T is not symmetri.
The omponent ΠL is determined by the Gauss law (1.68) whih yields
Dˆabk Π
b
k = Dˆ
ab
k T
cb
jkΠ
⊥c
j + Dˆ
ab
k Π
c
jL
cb
jk = Dˆ
ab
k Π
Lb
k = −gρaext . (1.94)
where the ontribution of ΠT vanishes in view of Eq. (1.86). To solve Eq. (1.94) for ΠL, one
may use the Helmholtz theorem to write ΠL as the gradient eld of some eld operator Φ sine(
∂ ×ΠL)a
k
= ǫijk∂
ab
i Π
Lb
j = −ǫijk∂abi ΠenDˆedn Gdc∂cbj = 0 . (1.95)
We an then write ΠLak = −∂abk Φb and solve the Gauss law (1.94) by Φa = −gGabρbext. The
operator ΠL then is expliitly given as a funtional of eld operators A⊥,
ΠLak [A
⊥] = g∂abk G
bc[A⊥]ρc
ext
. (1.96)
One may subsequently verify the ommutation relation (1.91).
Before we go on to derive the Hamiltonian operator from the lassial one (1.67) by promoting
the elds Aak and Π
a
k to their operator-valued ounterparts, operator ordering is briey dis-
ussed, f. Ref. [24℄. Gauge xing gives rise to non-trivial fators in the Hamiltonian, as an
be seen in the path integral formalism. Using the the FaddeevPopov trik [42℄, the kineti
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energy Ek yields
16
Ek = 〈Ψ|Ψ〉−1 1
2
〈Ψ| ΠakΠak |Ψ〉
= 〈Ψ|Ψ〉−1 1
2
∫
DAΨ∗[A]ΠakΠakΨ[A]
= 〈Ψ|Ψ〉−1 1
2
∫
DA (ΠakΨ)∗[A](ΠakΨ)[A]
=
1
2
∫
DA⊥J [A⊥] ((ΠTak +ΠLak )Ψ)∗ [A⊥] ((ΠTak +ΠLak )Ψ) [A⊥]
=
1
2
∫
DA⊥J [A⊥]Ψ∗[A⊥]
(
1
J [A⊥]
(
ΠTak
†
+ΠLak
†
)
J [A⊥](ΠTak +ΠLak )
)
Ψ[A⊥] ,
(1.98)
where the state norm 〈Ψ|Ψ〉 was hosen suh as to anel the group volume, and
J [A⊥] = Det(G−1)[A⊥] (1.99)
is the FaddeevPopov determinant. The last line in Eq. (1.98) is obtained by taking the
hermitian adjoint of the produt J (ΠT +ΠL) with respet to the inner produt in funtional
spae when bringing the Ψ∗ to the left. One an read o from Eq. (1.98) the form of the kineti
part of the Hamiltonian operator
Hk[A
⊥,ΠT ,ΠL] =
1
2
J−1[A⊥]
(
ΠTak
†
+ΠLak
†
)
J [A⊥] (ΠTak +ΠLak ) . (1.100)
The deomposition of the momentum operator Π = ΠT + ΠL with the expressions (1.93)
and (1.96) an now be inserted into (1.100), giving rise to four terms. Let us onsider these
separately. One term reads
HLLk =
1
2
J−1ΠLak
†JΠLak
=
1
2
J−1
(
g∂abk G
bcρc
ext
)
J
(
g∂adk G
deρe
ext
)
=
g2
2
ρc
ext
Gcb
(
−∂bak ∂adk
)
Gdeρe
ext
=
g2
2
ρc
ext
F ceρe
ext
(1.101)
and is reognized as the Coulomb interation of external harges via the Coulomb Green
funtion F := G(−∂2)G. Using the relation tabij T bcjk∂cdk = −tabijLbcjk∂cdk as well as the identiation
16
The result is reminisent of the LaplaeBeltrami operator ∆ with a non-trivial metri gµν and its deter-
minant g = det(gµν), see Ref. [43℄,
∆ = − 1√
g
∂µ
√
ggµν∂ν , (1.97)
as pointed out in Refs. [24, 44℄. The Weyl gauge operators are then in Cartesian oordinates, whereas the
Coulomb gauge operators orrespond to urvilinear ones. In ontrast to Ref. [24℄, we here have no Cartesian
oordinates to start with, sine the temporal Coulomb gauge was already xed on the lassial level.
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of the dynamial gluoni harge ρ
dyn
in
17
Dˆabk Π
⊥b
k = Π
⊥b
k Dˆ
ab
k = gAˆ
⊥ab
k Π
⊥b
k =: gρ
a
dyn
(1.102)
we further nd
HLTk =
1
2
1
J Π
La
k
†JΠTak
=
1
2
g∂abk G
bcρc
ext
T damkΠ
⊥d
m
=
g
2
ρc
ext
Gcb
(
−∂bak
)
Dˆdd
′
m G
d′a′∂a
′a
k Π
⊥d
m
=
g
2
ρc
ext
Gcb
(
−∂bak ∂aa
′
k
)
Ga
′d′Dˆd
′d
m Π
⊥d
m
=
g2
2
ρc
ext
F cd
′
ρd
′
dyn
(1.103)
and
HTLk =
1
2
1
J Π
Ta
k
†JΠLak
=
1
2
1
J Π
⊥b
m T
ba
mkJ g∂ack Gcdρdext
=
g
2
1
J Π
⊥b
m Dˆ
bb′
m JGb
′a′∂a
′a
k ∂
ac
k G
cdρd
ext
=
g2
2
1
J ρ
b′
dyn
JF b′dρd
ext
, (1.104)
two ontributions that aount for the Coulomb interation of dynamial and external harges.
Using the identity tb
′b
m′mT
ba
mkT
ca
nkt
cc′
nn′ = t
b′c′
m′n′+ t
b′b
m′mL
ba
mkL
ca
nkt
cc′
nn′ we get two further ontributions
to Hk,
HTTk =
1
2
1
J Π
Ta
k
†JΠTak
=
1
2
1
J Π
⊥b
m T
ba
mkJ T cankΠ⊥cn
=
1
2
1
J Π
⊥a
k JΠ⊥ak +
1
2
1
J Π
⊥b
m Dˆ
bb′
m G
b′a′∂a
′a
k J Dˆcc
′
n G
c′a′′∂a
′′a
k Π
⊥c
n
=
1
2
1
J Π
⊥a
k JΠ⊥ak +
g2
2
1
J ρ
b′
dyn
JGb′a
(
−∂a′ak ∂aa
′′
k
)
Ga
′′c′ρc
′
dyn
=
1
2
1
J Π
⊥a
k JΠ⊥ak +
g2
2
1
J ρ
b′
dyn
JF b′c′ρc′
dyn
, (1.105)
namely the kineti energy of transverse gluons as well as the Coulomb interation of dynam-
ial harges. The magneti potential operator Hp an be obtained straightforwardly from its
lassial ounterpart in Eq. (1.67) sine it only omprises the oordinates Aak. It simply yields
Hp =
1
2
Bak [A
⊥]Bak [A
⊥] . (1.106)
17
With the onventions used here, ρa
dyn
= Aˆ⊥abk Π
⊥b
k = −Aˆ⊥ab ·Πb. Thus, one arrives at ∂kΠak = −g(ρaext +
ρa
dyn
).
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Adding the ontributions (1.101), (1.103), (1.104), (1.105) and (1.106), we nally arrive at the
Hamiltonian operator in temporal Coulomb gauge. In expliit notation, it reads
H[A⊥,Π⊥] =
1
2
∫
d3x
1
J Π
⊥a
k (x)JΠ⊥ak (x) +
1
2
∫
d3xB⊥ak (x)B
⊥a
k (x)
+
g2
2
∫
d3x d3y
1
J ρ
a(x)J F ab(x,y)ρb(y) .
(1.107)
Here, we have dened the total harge density
ρa(x) := ρa
dyn
(x) + ρa
ext
(x) = Aˆabk (x)Π
b
k(x) + ψ
†(x)iT aψ(x) . (1.108)
For future referene, let us write down the expliit form of the Coulomb operator F ,
F ab(x,y) =
∫
d3x′ Gac(x,x′)
(−∂2)Gcb(x′,y) (1.109)
and of the inverse ghost operator
[G−1]ab(x,y) = −δab∂2δ3(x,y)− gAˆabk (x)∂xk δ3(x,y) . (1.110)
Christ and Lee [24℄ derived the same result as in Eq. (1.107) using a dierent approah. They
quantized the Cartesian oordinates in Weyl gauge and only subsequently transformed into
the Coulomb gauge, keeping the Gauss law as a onstraint on the wave funtional. Here,
we were able to reinfore the Gauss law as a operator identity, having used Dira's onept
of onstrained quantization. It is reassuring to see that the two methods produe the same
result for the YangMills energy spetrum, keeping in mind that in general suh an equivalene
annot be established [44, 45, 46, 47, 48℄.
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2 Infrared ghost dominane
The omplex struture of the YangMills Hamiltonian (1.107) derived in the previous setion
does not allow for a rigorous alulation of the energy spetrum or the Green funtions. Per-
turbation theory in the gauge oupling g provides a possibility to desribe interations with
high momentum transfer in QCD where asymptoti freedom guarantees that g an be treated
as a small parameter. The infrared setor, however, is not aessible by perturbative methods
sine we know from the renormalization group that g inreases as we go to lower energies. An
understanding of long-range interations of quarks and gluons thus alls for nonperturbative
methods. Color onnement, the experimental evidene that quarks and gluons have never
been deteted as asymptoti states and must be onned into olor singlets, is to date one of
the most hallenging topis in theoretial physis.
By means of lattie alulations, it has been possible to penetrate the infrared nonperturbative
setor of QCD and unover a onning potential between (stati) quarks [49, 8℄. At present,
however, available lattie sizes do not sue to desribe the Green funtions in the deep
infrared [50, 51℄. Despite the ever-growing omputational power, a numerial simulation of
onnement on the lattie will always fall short of proving it. Nevertheless, the ahievements
of the lattie ommunity with alulations that are partiularly reliable in the intermediate
momentum regime, are indispensable for the mutual dialogue with the ontinuum approah.
A joint theoretial investigation of QCD phenomena is a promising projet for progressive
researh.
The ontinuum approah has the intriguing feature that the asymptoti infrared limit an be
studied analytially. In the last deade, a new understanding of infrared QCD has arisen from
studying ontinuum YangMills (YM) theory via DysonShwinger equations. The Landau
gauge has the advantage of being ovariant, allowing for straightforward perturbative alu-
lations, and it therefore enouraged many to intensive investigation of the infrared properties
of YM theory [52, 53, 54℄. In Coulomb gauge, non-ovariane brings about severe tehnial
diulties whih are only reently on the verge of being overome [55, 56, 57℄. Nevertheless,
the Coulomb gauge might be the more eient hoie to identify the nonabelian degrees of
freedom. It is well-known that sreening and anti-sreening ontributions to the interquark
potential are neatly separated in Coulomb gauge perturbation theory [58℄. As for the in-
frared domain, the GribovZwanziger senario serves as a transparent onnement mehanism
[59, 60℄.
In this hapter, the GribovZwanziger senario shall be introdued and analyzed in the tempo-
ral Coulomb gauge. It will be thus possible to provide information on the asymptoti infrared
behavior of the Green funtions and reover a linearly rising potential between stati olor
harges, i.e. heavy quark onnement. A full numerial alulation in hapter 3 will be seen to
reprodue the infrared asymptotis given here analytially. Moreover, the infrared asymptotis
of Landau gauge an be retrieved from a generalization of the results in the temporal Coulomb
gauge.
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2.1 GribovZwanziger senario of onnement
Having outlined the issues of redundant degrees of freedom in setion 1.2, a disussion of gauge
xing in the ontext of YangMills theory may follow naturally. In partiular, we have touhed
upon the issue of uniqueness of a gauge xing ondition ondition
χa[A] = 0 . (2.1)
Uniqueness was shown to be loally guaranteed by the riterion (1.41) whih reads for the
lassial YM theory
Det
(
{χa,Gb}
)
/≈ 0 . (2.2)
Loally means here that only a small neighborhood of the point A in onguration spae that
satises (2.1) is onsidered. An innitesimal gauge transformation aording to Eq. (1.29),
χa[A]→ χa[A] + {χa,Gb}
∣∣∣
A=A
ǫb , (2.3)
shows that A is the unique solution to (2.1) only if Eq. (2.2) holds. Let us now turn to the
quantum theory in the Shrödinger piture. Gribov [59℄ disovered that if the Coulomb gauge
ondition χa(x) = ∂kA
a
k(x) = 0 is hosen, uniqueness of its solution A is lost if the matrix
G−1 with omponents [
G−1
]ab
(x,y) =
(
−∂2δab − gAˆabk ∂xk
)
δ3(x,y) (2.4)
develops zero modes. From the expliit form of G−1 this is seen to happen for large magnitudes
of gA, i.e. in the nonperturbative domain. The eld onguration A an then shown to be
onneted by a gauge transformation to one or more AU , alled Gribov opies, that also obey
the Coulomb gauge ondition. Gribov opies lead to inorret results in the alulation of
expetation values due to over-ounting of physially equivalent eld ongurations. The
riterion for avoiding Gribov opies is the quantum analogue of Eq. (2.2), noting that G−1 =
{∂kAk,G}, and reads
J [A] = Det (G−1) 6= 0 . (2.5)
It is illuminating to see how the above uniqueness ondition follows from a diret alulation.
Consider a gauge transformation AU where U(x) = e−α(x) ≈ 1 − α(x) is very lose to unity.
The eld AU is a Gribov opy of A if
0 = ∂kAUk = ∂kUAkU † +
1
g
∂kU∂kU
†
= U
(
− (∂kα)Ak +Ak (∂kα)− 1
g
(∂kα) (∂kα) +
1
g
(
∂2α
)
+
1
g
(∂kα) (∂kα)
)
U †
=
1
g
U
((
∂2α
)
+ g [Ak, (∂kα)]
)
U †
=
1
g
UT a
((
δab∂2 + gAˆabk ∂k
)
αb
)
U † . (2.6)
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χ = 0
Λ
Ω
Figure 2.1: Conguration spae and its restrition to the gauge xing
ondition χ = 0, the (rst) Gribov region Ω and the fundamental mod-
ular region Λ.
Sine the matries U are regular and T a are linearly independent, Eq. (2.6) an be written as
∫
d3y
[
G−1
]ab
(x,y)αb(y) = 0 . (2.7)
Thus, if the ondition (2.5) is fullled, then αa(x) = 0 and AU = A, and the solution A of the
gauge xing ondition (2.1) is unique.
The onguration spae is therefore deomposed into the so-alled Gribov regions, alternating
in sign of the FaddeevPopov determinant J . By denition, the rst Gribov region Ω ontains
the perturbative vauum, gA = 0, and has a positive denite FaddeevPopov determinant,
Ω = {A | ∂kAk = 0 , J [A] > 0} . (2.8)
In order to avoid Gribov opies, it is neessary to restrit the onguration spae to the rst
Gribov region Ω, bounded by the Gribov horizon ∂Ω, see Fig. 2.1. Pratially, it is not
straightforward to implement this restrition. One might naturally ask whether a gauge xing
ondition exists, dierent from the Coulomb gauge, for whih the FaddeevPopov determinant
is manifestly positive and the Gribov problem does not arise. However, a theorem due to Singer
[61℄ states that (on a three- or four-dimensional ompat manifold) there exists no gauge xing
ondition that does not have the Gribov problem.
A restrition to Ω an be realized by an ation priniple, as noted by Polyakov1. It requires
that the L2 norm of the gauge eld Ak(x) be minimal along its orbit, parametrised by the
1
See footnote in Ref. [62℄.
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gauge transformations U(x) = e−α(x),
FA[U ] :=
∫
d3x tr
(
AUk (x)
)2
= FA[1]− 2
g
∫
d3x tr (α(x)∂kAk(x)) +
1
g2
∫
d3xd3y tr
(
α†(x)G−1[A](x,y)α(y)
)
. (2.9)
The stationarity ondition sets A = A and the minimum ondition yields J [A] > 0. Ation
priniples are a ommon tehnique to implement gauge xing on the lattie [63℄.
However, the restrition to Ω is not suient to exlude gauge opies. Various examples
[64, 65℄ indiate that there are Gribov opies inside Ω. A proof of existene was given by Ref.
[66℄, see also Ref. [67℄. These remnant Gribov opies show that the minima of FA[U ] in Eq.
(2.9) are degenerate. Lattie alulations onrm that there are indeed Gribov opies inside
Ω [68, 69, 70℄. A further restrition of onguration spae is needed to ompletely exlude
Gribov opies. The fundamental modular region Λ is dened to be the set of unique2 absolute
minima of the funtional (2.9) among gauge orbits,
Λ := {A : FA[1] ≤ FA[U ] ∀U} . (2.10)
It was shown that the interior of Λ is indeed free of Gribov opies whereas the boundary ∂Λ
still ontains Gribov opies [71℄. The gauge ondition speied by Eq. (2.10) is also termed
minimal Coulomb gauge [72℄. Although oneptually vital, the fundamental modular region
as yet laks the utility for expliit alulations. Little is known about the boundary ∂Λ.
Fortunately, it was shown in Ref. [73℄ by means of stohasti quantization that despite the
Gribov opies inside Ω, expetation values are omputed orretly if the integration domain
is Ω instead of Λ. This is due to the nding [74℄ that the dominant eld ongurations lie on
∂Ω ∩ ∂Λ, the ommon boundary of Ω and Λ.3 We shall therefore restrit the onguration
spae to Ω in the following. Gauge elds A are always transverse and the supersript ⊥ is
abandoned for brevity.
The restrition to a ompat region in onguration spae, be it Ω or Λ, has important onse-
quenes for the infrared setor of the theory. Due to asymptoti freedom, the ultraviolet is not
aeted by the horizon sine when the oupling beomes small, all relevant ongurations are
in the viinity of gA = 0. It was shown that this point always has a nite distane from the
horizon [77℄. The nonperturbative infrared setor, on the other hand, an in priniple be gov-
erned by any region within Ω. From statistial mehanis, we know that in a ompat sphere
with radius r of high dimension N , the probability distribution is onentrated at the bound-
ary, due to the entropy fator rN−1dr. If YangMills theory is regularized on the lattie,
2
Up to global gauge transformations.
3
In this ontext, let us mention that the eld ongurations on ∂Ω∩∂Λ an be identied as enter vorties.
These eld ongurations were found to drive the onning mehanism on the lattie in Coulomb gauge [75℄
as well as in Landau gauge [76℄.
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Zwanziger argued [60℄ that the situation is omparable to the latter example, the dimensional-
ity N even diverges in the ontinuum limit. In the asymptoti infrared, the momentum spae
ghost propagator
DG(k) :=
1
N2c − 1
δab
∫
d3x 〈G[A]〉ab (x,y) e−ik·(x−y) , k = |k| (2.11)
is therefore expeted to diverge strongly,
lim
k→0
[
k2DG(k)
]−1
= 0 , (2.12)
due to divergent eigenvalues of the operator G on the Gribov horizon. Eq. (2.12) is known
as the horizon ondition. Gribov disussed perturbatively in Ref. [59℄ that only for k = 0 the
ghost propagator DG(k) an have a pole. Zwanziger's horizon ondition (2.12), on the other
hand, is a nonperturbative statement. Sine the Coulomb potential VC(k) between external
olor harges is proportional to∫
d3x
〈
G(−∂2)G〉ab (x,y) e−ik·(x−y) , (2.13)
the infrared enhanement of DG(k) from eets on the Gribov horizon might be the driving
mehanism for VC(k) to diverge as k
−4
and for a linear onning potential between heavy
quarks to emerge. This notion is known as the GribovZwanziger senario of onnement in
the Coulomb gauge.
2.2 Stohasti vauum in Coulomb gauge
Vauum expetation values that are solely dominated by entropy in onguration spae are
intriguingly simple. Aording to the GribovZwanziger senario, infrared orrelation fun-
tions of Coulomb gauge YM theory fall under this ategory and hene an asymptotially
be desribed by a vauum wave funtional Ψ0[A] stohastially distributed in onguration
spae. Whilst the full struture of a vauum expetation value, in partiular the perturbative
regime, is sensitive to a non-trivial probability distribution |Ψ[A]|2, the infrared limit is fully
determined by the geometry in phase spae, and one may write Ψ0[A] = 1 to nd orret
results [78℄. This hoie of the wave funtional is here referred to as the stohasti vauum and
suggests the following shemati presription for the asymptoti evaluation of Coulomb gauge
expetation values of any operator O(k), depending on momentum k,
〈Ψ| O(k) |Ψ〉 =
∫
Ω
DAJΨ∗O(k)Ψ k→0→ 1
Vol(Ω)
∫
Ω
DAJO = 〈Ψ0| O |Ψ0 〉 . (2.14)
We introdued a fator Vol(Ω) =
∫
ΩDAJ [A] to normalize the wave funtional, 〈Ψ0|Ψ0〉 =
1, whih is possible in the ompat region Ω. A legitimate question to ask is whether the
fator of the FaddeevPopov determinant J does not spoil the argument that the probability
distribution is strongly enhaned at the Gribov horizon. Reall that the Gribov horizon ∂Ω
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was dened as the boundary of Ω where the FaddeevPopov matrix G−1 piks up vanishing
eigenvalues. Hene, the fator J = DetG−1 will suppress the probability distribution on ∂Ω.
Nevertheless, it is not lear a priori whether this suppression is strong enough to spoil the
enhanement of entropy and we shall put forth as a working hypothesis that it does not.
4
On the lattie, the density of eigenmodes of the FaddeevPopov operator is under urrent
investigation [80℄.
Although the presription (2.14) for infrared orrelations an be motivated from the Gribov
Zwanziger senario, it annot be taken for granted that the solutions thus obtained are mathe-
matially unique on the one hand, or physial on the other. To further ontemplate Eq. (2.14),
note that Ψ0[A] = 1 is the orret wave funtional in 1 + 1 dimensional YangMills theory
[81, 82℄. However, the entropy argument is laking in 1 + 1 dimensions where the gauge eld
beomes a ompat quantum mehanial variable. In 3 + 1 dimensions, the dynamis might
be substantially dierent. After all, we will try to nd the vauum wave funtional in 3 + 1
dimensions that desribes not only the infrared limit but also ultraviolet orrelations. In the
Hamiltonian formalism, the Ritz-Rayleigh variational method gives the possibility to introdue
a variational parameter into the wave funtional and determine it by minimizing the energy.
This method will be disussed in hapter 3 to disuss the full momentum dependene of the
Green funtions. It will turn out that the full solutions agree with the solution in the stohas-
ti vauum for asymptotially small momenta [83, 84, 85, 86℄. Turning the argument around,
these ndings support the GribovZwanziger senario and the notion of a stohastially dis-
tributed probability distribution |Ψ[A]|2 in the infrared. The investigation of the stohasti
vauum pursued in this hapter is quite dierent from a variational approah in that it laks
equations of motion arising from minimizing the energy. However, we may extrat information
from the geometry in onguration spae. In the following setion, it will be shown how the
boundary onditions of the Gribov region give rise to DysonShwinger integral equations that
determine the properties of the Green funtions.
2.3 DysonShwinger equations
A onvenient tool for the evaluation of expetation values are generating funtionals. In par-
tiular, the DysonShwinger equations that interorrelate all Green funtions an be straight-
forwardly derived from the path integral representation of a generating funtional. The las-
siation of Green funtions into full, onneted and proper Green funtions is ommon and
the same applies for generating funtionals [6℄. Full Green funtions orresponding to the
stohasti vauum Ψ0 an be found by
〈O[A]〉 ≡ 〈Ψ0| O[A] |Ψ0 〉 = 1
Z[j]
O
[
δ
δj
]
Z[j]
∣∣∣∣
j=0
(2.15)
4
As a simple example [79℄, onsider a d-dimensional sphere with 0 < r < 1 and let the probability distribution
p(r) be damped at the boundary by a fator (1 − r)n with order n(d). The entropy fator from the integral
measure, drrd−1, enhanes the probability at the boundary. For large dimensions d, p(r) = rd−1(1 − r)n is
then sharply peaked at r = 1− n
d
, provided
n
d
≪ 1, despite the damping fator.
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if we dene the generating funtional Z[j] of full Green funtions by
Z[j] =
∫
DAJ [A] ej·A , j · A ≡
∫
d3xAai (x)tik(x)j
a
k (x) . (2.16)
It is easily veried that Eq. (2.15) indeed reprodues the expetation values in the stohasti
vauum, see Eq. (2.14). DysonShwinger equations follow from a quite simple statement,
namely that the (path) integral of a total derivative an be expressed by boundary terms.
This idea is applied to the path integration in onguration spae, bounded by the Gribov
horizon. The gauge-xing proedure endowed us the FaddeevPopov determinant J in the
path integral, see Eq. (2.4). One is thus led to the identity
0 =
∫
DA δ
δAbj(y)
J [A] ej·A =
∫
DAJ [A]
(
δ lnJ [A]
δAbj(y)
+ tjm(y)j
b
m(y)
)
ej·A (2.17)
sine at the Gribov horizon the FaddeevPopov determinant vanishes by denition, J [A]|∂Ω =
0. Applying to Eq. (2.17) a funtional derivative δ/δjai (x), dividing by Z[j] and setting soures
to zero, j = 0, gives
tabij (x,y) = −
〈
Aai (x)
δ lnJ [A]
δAbj(y)
〉
. (2.18)
In order to make sense of the above expression, rst note that
5
[83℄
δ lnJ [A]
δAai (x)
= Tr
δ lnG−1[A]
δAai (x)
= −Tr
(
G[A]Γ0,ai (x)
)
, (2.19)
where Γ0,ai (x) is the tree-level ghost-gluon vertex, here matrix-valued with omponents
(
Γ0,ai (x)
)bc
(y,z) = −δ
[
G−1
]bc
(y,z)
δAai (x)
= g
(
Tˆ a
)bc
tik(x)δ
3(x,y)∂yk δ
3(y,z) . (2.20)
Seond, plugging (2.19) into (2.18), the objet 〈AG〉 an be identied as the dressed onneted
ghost-gluon vertex that may be deomposed by
6
〈Aai (x)G[A]〉 =
∫
d3y
〈
Aai (x)A
b
j(y)
〉〈 δG[A]
δAbj(y)
〉
=
∫
d3y
〈
Aai (x)A
b
j(y)
〉〈
G[A]Γ0,bj (y)G[A]
〉
=
∫
d3yDabij (x,y)DGΓ
b
j(y)DG (2.21)
into the proper ghost-gluon vertex Γak with propagators attahed, namely the gluon propagator
Dabij (x,y) :=
〈
Aai (x)A
b
j(y)
〉
, (2.22)
5
It is onvenient to denote byO a matrix with elements Oab(x,y) = 〈x, a| O |y, b 〉 in olor and (ontinuous)
oordinate spae. The trae Tr sums up diagonal elements in both the latter spaes. For notation, see also
appendix A.
6
If the generating funtional is Gaussian, Wik's theorem infers the fatorization in the rst line of Eq.
(2.21). Without the use of Wik's theorem, as for the stohasti vauum, one may use funtional methods [73℄.
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and the (here matrix-valued) ghost propagator DG, with matrix elements
DabG (x,y) =
〈
G[A]ab(x,y)
〉
. (2.23)
The present alulations irumvent the ommon introdution of ghost elds by interpreting
J [A] as a Gaussian integral over Grassmann variables. In fat, the introdution of Grassmann
elds and their soures spoils the argument that boundary terms from the Gribov horizon
vanish [73℄. It is therefore advisory to stik to the funtional determinant J [A] and not to
introdue ghost soures. Nevertheless, we refer to DG as the ghost propagator and Γk as the
ghost-gluon vertex.
With the above denitions, the DysonShwinger equation (2.18) beomes
tabij (x,y) = Tr
(
〈Aai (x)G[A]〉 Γ0,bj (y)
)
=
∫
d3zDacik (x,z)Tr
(
DGΓ
c
k(z)DGΓ
0,b
j (y)
)
. (2.24)
It would be pleasant to invert the gluon propagator in Eq. (2.24), but the transverse projetor
tij is singular. Yet, without loss of generality, we an dene the matrix DA by D
ab
ij (x,y) =
tij(x)D
ab
A (x,y) and its inverse, D
−1
A DA = 1. The translationally invariant funtion[
D−1ij
]ab
(x,y) := tij(x)
[
D−1A
]ab
(x,y) (2.25)
is referred to as the inverse gluon propagator.
7
One an now dedue from Eq. (2.24) the
oordinate spae gluon DSE in its most useful form,[
D−1ij
]ab
(x,y) = Tr
(
DGΓ
a
i (x)DGΓ
0,b
j (y)
)
. (2.27)
In Fig. 2.2, the gluon DSE (2.27) is interpreted diagrammatially. By the loop diagram on the
r.h.s., the so-alled ghost loop, the gluon propagator Dij is orrelated with the ghost propagator
DG. The latter needs to be determined by its own DSE. To derive it [83℄, rst note that
G−1 = G−10 −
∫
d3xAak(x)Γ
0,a
k (x) . (2.28)
Multiplying the above equation with G0 from the left and G from the right gives
G = G0 +G0
∫
d3xAak(x)Γ
0,a
k (x)G . (2.29)
Taking the expetation value of (2.29) and using the identity (2.21) for the onneted ghost-
gluon vertex yields
DG = G0 +G0ΣDG (2.30)
7
Note that D−1ij is inverse to Dij only in the transverse subspae of the full Lorentz spae,Z
d3z
ˆ
D−1ik
˜ac
(x,z) [Dkj ]
cb (z,y) = tabij (x,y) . (2.26)
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D−1G =
−1
=
−1
−
D−1ij =
−1
=
1
Figure 2.2: The set of DysonShwinger equations in the stohasti va-
uum. Dashed lines represent interating onneted ghost propagators
whereas the dotted line is the tree-level ghost propagator. Curly lines
represent the gluon propagator. Empty blobs stand for proper ghost-
gluon verties and dots represent tree-level ghost-gluon verties.
with the ghost self energy
Σab(x,y) =
∫
d3[x′y′uv]
[
Γ0,ci (u)
]aa′
(x,x′)Dcdij (u,v)D
a′b′
G (x
′,y′)
[
Γdj (v)
]b′b
(y′,y) . (2.31)
A multipliation with G−10 from the left and D
−1
G from the right gives the nal form of the
ghost DSE in oordinate spae,[
D−1G
]ab
(x,y) =
[
G−10
]ab
(x,y)− Σab(x,y) , (2.32)
shown in Fig. 2.2. Let us emphasize that Eq. (2.32) was not derived from the path integral, in
ontrast to the gluon DSE (2.27). The operator method using Eq. (2.29) oers an alternative
to the onventional path integral method, without the introdution of ghost soures. Restri-
tion to the Gribov region Ω is ensured by utting o the path integral at ∂Ω, the operator
method formally also aounts for this restrition sine the operator G in Eq. (2.29) is not
dened on ∂Ω.
Having at hand the gluon DSE (2.27) and the ghost DSE (2.32) shown in Fig. 2.2, one may
now try and solve for the two-point Green funtions (propagators) DG and Dij . However,
the proper ghost-gluon vertex that appears in both DSEs ouples the propagators to higher
n-point funtions, thus giving rise to the typial innite tower of oupled integral equations.
After establishing a onnetion to the Landau gauge, an approximation for the ghost-gluon
vertex will be motivated in setion 2.5 whih makes a solution for DG and Dij feasible.
2.4 Connetion to Landau gauge
Linear ovariant gauges are a natural hoie for perturbative alulations in the Lagrangian
formalism. With Lorentz invariane being manifest and after Wik rotation to Eulidean
spae, perturbative loop integrals an be omputed with standard methods [87℄. However, this
is at the ost of losing a positive denite metri in Hilbert spae. One annot simultaneously
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maintain loality, positivity and manifest Lorentz invariane [88℄. A Hamiltonian approah
is thus obsured and the potential between stati quarks as it ours in the Coulomb gauge
Hamiltonian is not aessible in the Landau gauge. The onnement problem must therefore
be studied by alternative means, e.g. the KugoOjima onnement riterion [89, 90℄.
Usually, the lass of linear ovariant gauge onditions χa(x) = ∂µAaµ(x) − Ba(x) ≈ 0, is
implemented in the path integral by means of the FaddeevPopov method. The arbitrary
funtion Ba(x) is integrated out with a Gaussian weighting of width ξ, whih eetively smears
of the Lorenz gauge ondition,
δ
(
∂µAaµ
)→ e− 12ξ (∂µAaµ)2 (2.33)
ontrolled by an arbitrary parameter ξ. Apart from the FaddeevPopov determinant J =
DetM, with
Mab(x, y) = δ
(
∂µAU
a
µ(x)
)
δαb(y)
, (2.34)
the YM Lagrangian is thus supplemented by a gauge xing term Lgf = − 12ξ
(
∂µAaµ
)2
. The
Landau gauge is then obtained in the limit ξ → 0. From gauge invariane, a SlavnovTaylor
identity an be derived [91℄ that states that the longitudinal part of the gluon propagator
remains unhanged by radiative orretions,
ℓµν(k)Dµν(k) = ξ . (2.35)
It is important to realize that during alulations, ξ is kept non-zero, so that the gluon prop-
agator has an inverse. The elds Aaµ(x) are therefore not transverse, only the Landau gauge
orrelation funtions are. In partiular, the ghost-gluon vertex in Landau gauge does not have
a transverse projetor attahed to its gluon leg, sine the transversality is imposed o-shell.
This is in ontrast to the onstrained quantization in temporal Coulomb gauge, where the
transversality ondition is enfored on-shell and the operators Aai (x) are manifestly trans-
verse.
8
The Gribov problem aets the onguration spae in Landau gauge just like it does for
Coulomb gauge. In fat, the FaddeevPopov gauge xing proedure in Landau gauge gives
rise to the FaddeevPopov determinant
J [A] = Det
(
−δab∂µ∂µ − gAˆabµ ∂µ
)
(2.36)
and one annot miss to aknowledge the similarity to the one in Coulomb gauge. It was pointed
out by Gribov in his seminal paper [62℄ that if Wik rotation is employed, the Landau gauge
ondition beomes equivalent to the Coulomb gauge ondition. The dimension D = 3 + 1
of Minkowski spaetime infers that d = 4 after Wik rotation, as opposed to d = 3 in the
temporal Coulomb gauge.
8
The terminology using on-shell and o-shell to desribe the gauge-xing tehnique is enountered, e.g.,
in Ref. [73℄.
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Reall the GribovZwanziger senario in the Coulomb gauge. The entropy argument for in-
frared dominant eld ongurations at the Gribov horizon along with the horizon ondition
(2.12) for the ghost propagator applies to the Landau gauge in Eulidean spae just the same
[74℄. One may therefore expet that the infrared limit in Landau gauge yields the same set of
integral equations as for the Coulomb gauge, with the dimension shifted to d = 4. To see how
it omes about, onsider the expression for a Landau gauge-xed expetation value,
〈O[A]〉 =
∫
DAJ [A] e−
R
d4xELYM (xE)
(2.37)
where the weight of eld ongurations is determined by the Eulidean YangMills ation.
Shifting the eld variable by A→ gA, the weight aquires the form
e−
R
d4xELYM (xE) → e−
1
g2
R
d4xELYM (xE)
(2.38)
and one reognizes that to zeroth order of the strong oupling expansion in
1
g2
≪ 1, the
evaluation of expetation values depends only on the FaddeevPopov determinant [73℄ and is
therefore equivalent to the stohasti vauum (2.14), with the dierene that the Faddeev
Popov determinant in (2.36) is to be omputed in d = 4 dimensional Eulidean Lorentz spae.
The full struture of Landau gauge DysonShwinger equations was studied intensively in the
past deade [92, 54℄. It turned out that the infrared setor of the solutions is asymptotially
determined by the set of equations shown in Fig. 2.2. Apparently, the strong oupling expansion
in the Landau gauge Lagrangian formalism aounts for the orret infrared physis, while in
the Coulomb gauge Hamiltonian formalism the stohasti vauum is a simple but suient
state to desribe infrared orrelations. The approximation needed to arrive at a solution to the
oupled DysonShwinger equations shown in Fig. 2.2 onerns the ghost-gluon vertex. This
will be the topi of the next setion.
2.5 Ghost-gluon vertex
In gauges where the gluon propagation is transverse, suh as Coulomb and Landau gauge, the
ghost-gluon vertex has the feature of nonrenormalization. In this ontext, one an motivate
that the vertex is approximately tree-level for all momentum ongurations. The solutions to
all Green funtions will qualitatively depend on the simple struture of the ghost-gluon vertex
and therefore this setion is devoted to assess the tree-level approximation.
As far as renormalization is onerned, the ghost-gluon vertex in Coulomb or Landau gauge
is quite an unusual Green funtion. Whereas one usually enounters ultraviolet divergenes
in a perturbative expansion of a Green funtion, the ghost-gluon vertex appears to be a -
nite funtion, to all orders of perturbation theory. This an be understood by onsidering
a DysonShwinger equation for this vertex. In the Landau gauge, the ghost-gluon vertex
DysonShwinger equation was derived in Ref. [93℄ and an be represented in momentum
spae as shown in Fig. 2.3. The proper ghost-gluon vertex Γµ(k; q, p) is related to its tree-level
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↑ k
p q
= +
p− ℓ
ℓ
1
Figure 2.3: DysonShwinger equation for the ghost-gluon vertex. The
l.h.s. represents the proper ghost-gluon vertex, with denitions of the
momenta k, q and p = q+ k. The lled blob on the r.h.s. orresponds to
a four-point funtion, see text.
ounterpart Γ0µ(q) and a onneted four-point funtion Γµν(k, ℓ; q, p) that will be expliitly
dened in setion 3.5. Here, it shall sue to reognize the generi struture of the loop
diagram,
Γµ(k; q, p) = Γ
0
µ(q) +
∫
d¯4ℓΓ0ρ(p − ℓ)Dρν(ℓ)DG(ℓ− p)Γνµ(k,−ℓ; ℓ− p, q) . (2.39)
Taylor antiipated in Ref. [94℄ the struture of the DysonShwinger equation (2.39) and
pereived that the ontribution of Γ0µ(p − ℓ) to the loop integration an be fatored out due
to the transversality of the gluon propagator. In momentum spae, with the olor struture
suppressed, the ontration of the gluon propagator Dµν with the tree-level ghost-gluon vertex,
Γ0µ(q) = igqµ, yields
Γ0ρ(p− ℓ)Dρµ(ℓ) = Γ0ρ(p)Dρµ(ℓ) . (2.40)
Hene, the degree of divergene of the ℓ-integration is diminished. Landau gauge perturbation
theory expliitly onrms that the divergent part of the g3 ontribution to the vertex is pro-
portional to ξ, i.e. it vanishes in the Landau gauge limit, see e.g. [95℄. Taylor further argued
that if the loop diagram does not develop any poles in the infrared, one an take the infrared
limit of the inoming ghost momentum p→ 0 and nd from Eq. (2.39)
lim
p→0
Γµ(k; q, p) = Γ
0
µ(q) . (2.41)
For the labelling of momenta, see Fig. 2.3. Sine one partiular momentum onguration, given
by Eq. (2.41), is found where the ghost-gluon vertex is nite, its multipliative renormalization
onstant Z˜1, being momentum independent, has to be nite, Z˜1 < ∞. In an appropriate
renormalization sheme, Z˜1 an dened to be trivial, Z˜1 = 1. Multipliative renormalization
of the bare ghost-gluon vertex ΓB, understood here as a vetor, is dened by
ΓB(k, q, p; Λ) = Z˜1(µ, g, ξ,Λ)Γ(k, q, p;µ) (2.42)
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Figure 2.4: Projetion of the ghost-gluon vertex in 3 + 1 dimensional
Landau gauge as a funtion of one momentum, taken from Ref. [93℄ (for
details, see there). Both the DSE result and the lattie data show that
the ghost-gluon vertex is basially at tree-level.
and relates ΓB to the renormalized vertex Γ. Sine in the Landau gauge limit, ξ → 0, one
has Z˜1 < ∞, we an drop all dependenes on the regulator Λ. The dependene of Z˜1 on the
dimensionful renormalization sale µ must drop out sine g and Z˜1 are both dimensionless.
The number Z˜1 is then dened by a renormalization presription, i.e. a ertain momentum
onguration P := {k2r , q2r , p2r} is hosen for whih Γ(kr, qr, pr) = Γ0(µ). In order to avoid
uts in the omplex plane, P is usually hosen in the perturbative regime. Nevertheless,
the renormalization presription with P = {µ2, µ2, 0} is a onvenient one sine Eq. (2.41)
then infers that Z˜1 = 1. Mariano and Pagels [96℄ pointed out that for the symmetri point
P = {µ2, µ2, µ2} with µ2 6= 0, one generally has Z˜1 6= 1 (f. [97℄). The symmetri point with
µ2 = 0, however, does not neessarily give Z˜1 = 1 sine the infrared limits of momenta are not
interhangeable, as argued below in setion 3.5. In Ref. [98℄, the hoie P = {0, µ2, µ2} was
advoated. In the following, we will set Z˜1 = 1, but ome bak to it in hapter 4.
Due to the nonrenormalization of the ghost-gluon vertex and the related property (2.41), reent
Landau gauge DSE studies used a tree-level ghost-gluon vertex for all momentum ongura-
tions [92, 54℄. Of ourse, this approximation needs to be assessed further. It was disussed in
Ref. [93℄ that with the tree-level vertex as a starting point, the iteration of the vertex DSE
(2.39) will not lead too far away from the tree-level value. The hanges stay in the range of
10% − 20%. Furthermore, lattie alulations [98, 99, 100℄ onrmed that the vertex is basi-
ally tree-level. In Fig. 2.4, the DSE results along with the lattie results for the vertex are
shown. Thus, strong support is available that the perturbative arguments of Taylor, stated
above, hold in the nonperturbative regime.
In Coulomb gauge, the argumentation for a tree-level ghost-gluon vertex is similar. Although
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the perturbative alulations in Coulomb gauge are far from trivial [55, 56, 57℄, the DSE for
the ghost-gluon vertex an be shown to reprodue the Landau gauge struture depited in
Fig. 2.3 [55℄. The gluon propagator is transverse as well and therefore Taylor's reasoning for
nonrenormalization an also be applied to the Coulomb gauge. Within a set of interpolating
gauges, the nonrenormalization of the ghost-gluon vertex an be established as well, onsidering
the Coulomb gauge limit [101℄. The Landau gauge alulations shown in Fig. 2.4 were also
arried out in d = 3 spatial dimensions and the results were qualitatively the same [93℄.
Therefore, it seems to be an appropriate approximation to the Coulomb gauge DSEs to use a
tree-level vertex instead of a proper vertex, analogously to the Landau gauge,
Γk(x) ≈ Γ0k(x) . (2.43)
2.6 Analytial solution for propagators
The approximation sheme (2.43) exhibited in the previous setion enables us to nd a solution
to the oupled set of DysonShwinger equations. With the Coulomb and Landau gauge
diering in the number d of spatial dimensions only, it is onvenient to keep d as an unspeied
parameter. The gluon DSE (2.27) an be transformed into momentum spae dening the salar
gluon propagator DA(k) by
9
δd(k − p)δabDA(k) =
∫
dd[xy]DabA (x, y) e
−ik·x+ip·y . (2.44)
Translational invariane allows us to write DA(k) as a funtion of one variable whih makes
momentum spae alulations onvenient. The olor struture of propagators is hosen to be
diagonal, i.e. DabG (x, y) = DG(x, y)δ
ab
. In the approximation sheme with a tree-level ghost-
gluon vertex, it is veried straightforwardly in a perturbative expansion to all orders (rainbow
expansion) that olor-diagonal propagators solve the set of integral equations. Using Eq. (2.11)
for the denition of the momentum spae ghost propagator DG(k), Fourier transformation of
the gluon DSE (2.27) expressed in terms of D−1ij (k) := tij(k)D
−1
A (k) yields
D−1ij (k) = −Nc
∫
d¯dℓΓ0i (k, ℓ)Γ
0
j (k, ℓ− k)DG(ℓ)DG(ℓ− k) . (2.45)
Here, the tree-level ghost-gluon vertex in momentum spae is derived by Fourier transform
from Eq. (2.20),∫
dd[xyz]
(
Γ0,ak (x)
)bc
(y, z) e−ik·x−iq·y+ip·z =
(
Tˆ a
)bc
δd(p− q − k)Γ0k(k, q)
⇒ Γ0k(k, q) = igtkj(k)qj . (2.46)
The olor trae in (2.45) was omputed using tr
(
Tˆ aTˆ b
)
= −Ncδab, see appendix A. Eq. (2.45)
is seen to be manifestly transverse. This follows from the fat that in the derivation of the
9
Note that in momentum spae, the matrix notation of oordinate spae is no longer used. Moreover, we
simplify the notation heneforth by abandoning the bold-fae typesetting for spatial vetors. Latin Lorentz
indies now range from 1 to d.
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DSEs in setion 2.3 the Coulomb gauge ondition was imposed on-shell. We shall see in
setion 2.8 that the o-shell gauge ondition leads to a (slightly) dierent gluon DSE. In Eq.
(2.45), we an take the trae in Lorentz spae to nd, using tii(k) = d− 1 and Eq. (2.46) and
writing kˆ = k/|k|,
D−1A (k) = g
2Nc
1
(d− 1)
∫
d¯dℓ ℓ2
(
1− (ℓˆ · kˆ)2
)
DG(ℓ)DG(ℓ− k) . (2.47)
The ghost DSE (2.32) an be Fourier transformed in the same manner. With a tree-level
ghost-gluon vertex, it reads in momentum spae
D−1G (k) = k
2 − g2Nck2
∫
d¯dℓ
(
1− (ℓˆ · kˆ)2
)
DA(ℓ)DG(ℓ− k) . (2.48)
Eq. (2.48) an be put in a form that expliitly satises the horizon ondition (2.12) by subtrat-
ing k−2D−1G (k) at zero momentum. This subtration does not introdue an extra parameter
sine by the horizon ondition (2.12), (k2DG(k))
−1|k=0 = 0, and we get(
k2DG(k)
)−1
= g2Nc
∫
d¯dℓ DA(ℓ)
(
1− (ℓˆ · kˆ)2
)
(DG(ℓ)−DG(ℓ− k)) (2.49)
for the ghost DSE with an integral that onverges more strongly in the ultraviolet than the one
in Eq. (2.48). In the ultraviolet setor, the horizon ondition an be used to remove ultraviolet
divergenes in the ghost DSE.
The set of equations (2.47) and (2.49) was rst solved without approximations in Refs. [97, 102℄
by a power law ansatz. The derivation and the solution is reviewed here, and some subtleties
are pointed out.
With power law ansätze for the propagators,
DA(k) =
A
(k2)1+αA
, DG(k) =
B
(k2)1+αG
(2.50)
the integrals in (2.47) and (2.49) turn into linear ombinations of a partiularly simple kind of
integrals we refer to as two-point integrals,
Ξm(α, β) :=
∫
d¯dℓ
(ℓ · k)m
(ℓ2)α((ℓ− k)2)β , α, β ∈ R , m ∈ N . (2.51)
In appendix B, expliit solutions for the two-point integrals (2.51) are given and their onver-
gene properties are disussed. The gluon DSE (2.47) may be rewritten in terms of two-point
integrals as (
k2
)1+αA = g2NcAB2
d− 1
(
Ξ0(αG, 1 + αG)− 1
k2
Ξ2(1 + αG, 1 + αG)
)
(2.52)
and it onverges in the ultraviolet (as ℓ→∞) for 1+2αG > d2 . Infrared divergenes are absent
so long as αG <
d
2 .
In the ghost DSE (2.49), the horizon ondition allowed for a subtration whih in turn improves
the UV onvergene. The two-point integral ourring in the unrenormalized DSE (2.48) is
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divergent, but it an be unambiguously split into a momentum-independent divergent part and
a regular part, see appendix B. The divergent part is subtrated using the horizon ondition in
(2.49) and the formulae (B.6) for Ξm(α, β) yield the orret values for the regular part. Thus,(
k2
)αG = −g2NcAB2(Ξ0(1 + αZ , 1 + αG)− 1
k2
Ξ2(2 + αZ , 1 + αG)
)
reg.
(2.53)
where the remark reg. indiates that the regular part of Ξm(α, β) is taken. The integrals in
(2.53) are then UV-onvergent if αG < 1. In the infrared, poles are avoided for −12 < αG < d2 .
Only values for αA and αG are onsidered for whih the integrals onverge.
Solving a well-dened (onvergent) set of integral equations, we an resale the integration
variable in (2.51) by ℓ → λℓ, and readily nd that Ξm(α, β) = Im(α, β)(k2)d/2+m−α−β with
some dimensionless funtions Im(α, β). These power law solutions an be plugged into the
DSEs (2.47) and (2.49) and a relation between the exponents αA and αG is gained,
αA + 2αG =
d− 4
2
. (2.54)
Eq. (2.54) is referred to as the sum rule (for power law exponents).
Let us emphasize that the sum rule (2.54) an be diretly traed bak to the nonrenormalization
of the ghost-gluon vertex [103℄. Following Ref. [104℄, a quite general ansatz for the proper
ghost-gluon vertex is
Γk(k; q, p) = igtkj(k)qj
∑
a
Ca
(k
σ
)la ( q
σ
)ma ( p
σ
)na
, (2.55)
where the onstraint li +mi + ni = 0,∀i, guarantees the independene of the renormalization
sale σ, i.e. nonrenormalization of the vertex. It is readily shown that the sum rule (2.54) is
not aeted by a dressing of the ghost-gluon vertex suh as (2.55), sine it turns into
αA + 2αG =
d− 4
2
+
∑
i
(li +mi + ni) . (2.56)
Any onsequene of the sum rule is therefore understood as due to the nonrenormalization of
the ghost-gluon vertex.
By virtue of the sum rule (2.54), one of the exponents αA and αG an be eliminated. We
hoose to dene
κ := αG (2.57)
and express αA in terms of κ.
The integrals in (2.47) and (2.49) an now be written down onisely, using the formulae in
(B.6),
(k2)d/2−1−2κ = g2NcAB
2IA(κ)(k
2)d/2−1−2κ (2.58a)
(k2)κ = g2NcAB
2IG(κ)(k
2)κ (2.58b)
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where the dimensionless funtions IA and IG were introdued,
IA(κ) =
1
2(4π)d/2
Γ(d2 − κ)
2
Γ(1− d2 + 2κ)
Γ(d− 2κ) Γ(1 + κ)2 , (2.59a)
IG(κ) = − 4
κ(d− 1)
(4π)d/2+1/2
Γ(d2 − κ) Γ(−κ) Γ(12 + κ)
Γ(d2 − 2κ) Γ(1 + d2 + κ)
. (2.59b)
Eq. (2.58) requires that
g2NcAB
2IA = 1 = g
2NcAB
2IG . (2.60)
The infrared exponent κ(d) is therefore impliitly dened by
Iid :=
IG(κ)
IA(κ)
!
= 1 . (2.61)
Above, onvergene of the integrals in the DSEs was disussed. In terms of the exponent κ, the
onditions for onvergene an be re-expressed. However, reall that the ultraviolet behavior
of DA(k) and DG(k) is not governed by the stohasti vauum but by perturbation theory.
The power law behavior (2.50) is just regarded as a possible infrared limit that will atually
be realized (see hapter 3). Hene, the restrition on the infrared exponents by analyzing
the UV onvergene is spurious. Disarding UV riteria for both IA(k) and IG(k), we nd
from the ondition that no divergenes appear in the infrared integration domain the relation
−12 < κ < d2 . Moreover, the horizon ondition demands κ > 0. Altogether, we have
0 < κ <
d
2
(2.62)
and in this range solutions to (2.61) are investigated.
10
Manipulating the gamma funtions in
(2.59), one nds the ompat expression
Iid(d, κ) =
sin(π2 (d− 4κ))
sin(πκ)
(d− 1)Γ(1 + 2κ)Γ(d − 2κ)
Γ(1 + κ+ d/2)Γ(d/2 − κ)
!
= 1 (2.63)
for nding κ(d). The solutions are shown in Fig. 2.5. These are exhaustive for κ in the range
(2.62) and omplete a reent alulation [105℄. For a given Eulidean dimension d, several
solutions for κ are available. One of them an be found by algebrai manipulations,
κa(d) =
d
2
− 1 , (2.64)
as veried by plugging κa(d) into Eq. (2.63). The other (irrational) solutions κb(d) and κc(d)
were determined numerially.
There are some exeptional points in the (d, κ) diagram that are only solutions to Eq. (2.63)
if approahed in a ertain diretion. One of them is the point
(d=4
κ=1
)
that solves Eq. (2.63) if
10
Aording to the priniple of loality, the Green funtions should be tempered distributions whih restrits
κ further. We do not fous on this aspet here.
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Figure 2.5: Solutions for κ(d). The box indiates an exeptional point,
see text. The ross marks the solution favorable for reasons given below.
The dotted lines are extra solutions that our for d > 4. Note that κ is
restrited to the range (2.62).
approahed along the line (2.64). This peuliarity appears for even dimensions d and integer
values for κ. Setting
d = 2m− 2λǫ (2.65)
κ = n+ ǫ (2.66)
with m,n ∈ N, we approah in the limit ǫ → 0 the values for even d and integer κ. The
parameter λ ∈ R ontrols the slope − 12λ of the line on whih the point
(2m
n
)
is approahed in
a (d, κ)-diagram. Choosing n < m guarantees the integrability of infrared poles in the ghost
loop integral, see Eq. (2.62). Treating the
0
0 expressions that our in (2.63) arefully, we nd
lim
ǫ→0
Iid(2m− 2λǫ, n+ ǫ) = (−1)1+m+n(m− n)m−n (2m− 1)(2n)!
(m+ n)!
(2 + λ) (2.67)
where (a)n = a(a+1) . . . (a+n− 1) is the Pohhammer symbol. Setting λ = 0 orresponds to
keeping a xed dimension throughout the alulation. From Eq. (2.67) it an be dedued that
for no values of m,n the equation Iid = 1 (2.63) is solved if λ = 0. Hene the failure of trying
to nd the point
(d=4
κ=1
)
as a Landau gauge solution [106℄, with arguments in Refs. [107, 102℄
that this solution should exist. For the set of points with n = m− 1, i.e.(
d
κ
)
∈
{(
2
0
)
,
(
4
1
)
,
(
6
2
)
, . . .
}
, (2.68)
we nd from (2.67) the simple result
lim
ǫ→0
Iid(2m− 2λǫ,m− 1 + ǫ) = 2 + λ . (2.69)
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Figure 2.6: Two solution branhes of κ(d) and their behavior for large
dimensions d. The upper solution beomes omplex at d ≈ 20.15, the
lower one at d ≈ 26.18.
Tuning λ = −1, the points (2.68) are solutions to (2.63), at least in priniple. One may adopt
the point of view that the dimension d is xed and the points in Fig. 2.5 an only be approahed
along vertial lines. In fat, rendering d a variable is here not understood in the ontext of
dimensional regularization where divergenes are thus regularized. Rather, d is here a xed
parameter for whih (2.63) needs to be solved. The exeptional points (2.68) are therefore
disarded.
As seen in Fig. 2.5, there are several solutions for κ as a funtion of d. How many solutions are
found for a given dimension? For even dimensions d, Eq. (2.63) an be turned into a polynomial
equation in κ of degree d+1 whih has the d2 +1 integer solutions κ ∈ {0, 0, 1, 2, . . . , d2 −1} for
λ given by Eq. (2.67). The double root at κ = 0 is exluded by the horizon ondition. Thus,
these integer solutions lie below (or on) the branh (2.64) looking somewhat odd in Fig. 2.5.
There are further non-integer solutions for even dimensions,
d
2 at the most being real.
Apart from the branh κa(d) in Eq. (2.64), there are two other solutions κb(d) and κc(d) in
the range in d ∈ (2, 4], see Fig. 2.5. Let us investigate the ontinuity of these three solution
branhes as funtions of d, f. [78℄. Here, we do not onsider the limit d → 1 sine the 1 + 1
dimensional theory does not have any degrees of freedom and power law solutions might not
be appropriate. Instead, we disuss the high-d range. The GribovZwanziger senario should
work partiularly well for higher-dimensional YM theory where entropy is even more enhaned
at the boundary of onguration spae. First of all, the solution κa(d) holds for all d. The
two other solutions in κb(d) and κc(d) in the interval 2 < d ≤ 4 onnet to the urves shown
in Fig. 2.6 or higher d. The upper solution approximately yields κc =
d
6 +
2
3 for 2 < d ≤ 8 and
osillates around κ = d4 for 8 ≤ d ≤ 20. It eases to be real for d ≈ 20.15 . The lower solution
mathes κb =
d
5 − 15 for 2 < d ≤ 6, in agreement with Ref. [78℄, but osillates around κ = d4 − 12
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d κ DG DA
2 15 ∼ 1k2.400 ∼ k0.800
3 0.398 ∼ 1
k2.795
∼ k0.590
3 12 ∼ 1k3 ∼ k
3 1.143 ∼ 1
k4.285
∼ k3.570
4 0.595 ∼ 1
k3.191
∼ k0.381
4 1.303 ∼ 1k4.605 ∼ k3.210
Table 2.1: Power law solutions for propagators in the stohasti vauum.
for 6 ≤ d ≤ 26 and beomes omplex at d ≈ 26.18. The ontinuity of the solutions for κ as
funtions of d is therefore strongest for the solution κa(d) whih holds for all d.
A restrition on the set of solutions in Fig. 2.5 omes from dealing with only power laws for the
propagators, due to the ansatz (2.50). The two-point integrals in (2.51) ease to be power laws
if
d
2 +m−α−β = 0. Atually, they ease to exist, due to a logarithmi ultraviolet divergene.
We have argued that these ultraviolet divergenes are subtrated by some renormalization
sheme in the perturbative setor. One might therefore suggest to onsider instead the integrals
Ξm(α, β) subtrated at µ and then approah
d
2 +m− α− β = 0. For instane, if m = 0, then
lim
α→ d
2
−β
(
Ξ0(α, β) − Ξ0(α, β)|q=µ
)
=
1
(4π)
d
2
1
Γ(d2)
lim
ǫ→0
Γ(ǫ)
[
(k2)−ǫ − (µ2)−ǫ]
=
1
(4π)
d
2
1
Γ(d2)
ln
µ2
k2
. (2.70)
Evidently, after subtration of the ultraviolet divergene, the solution of the two-point integral
(with exponent zero) is a logarithm. These funtions all for a separate treatment. The allowed
values of κ (2.62) are therefore further restrited by
κ 6= d
4
− 1
2
(2.71)
to avoid a ghost loop that gives a logarithm. The lower solution branh κb(d) in Fig. 2.6
osillates around the forbidden values (2.71) for high d, exatly yielding (2.71) for d =
6, 10, 14, 18, . . . . A disussion on a possible extension to solutions with logarithms will fol-
low in setion 2.8.
To summarize this setion, we solved the momentum spae DysonShwinger equations of the
stohasti vauum with a tree-level ghost-gluon vertex by power law ansätze and thoroughly
disussed the validity of the solutions. For the propagators in the temporal Coulomb and the
Landau gauge, with d = 3 and d = 4, resp., the solutions are shown in Table 2.1. In 2 + 1
dimensional YM theory, the temporal Coulomb gauge orresponds to d = 2 and the Landau
gauge to d = 3.
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2.7 Linear onning potential
The Hamiltonian approah in the temporal Coulomb gauge allows for a diret alulation of
the potential energy between two stati quarks. Let the external harge density be given by
two point harges, separated by the distane r,
ρa
ext
(x) = δa3
(
δ(3)(x− r/2)− δ(3)(x+ r/2)
)
. (2.72)
The olor vetor ρ
ext
(x) was here hosen in the 3-diretion of SU(2), for onveniene. From
the Hamiltonian (1.107) the |x − y| = r dependent olor Coulomb potential VC(r) an be
identied by
VC(r) =
g2
2
∫
d3[xy]ρa
ext
(x)
〈
F ab(x, y)
〉
ρb
ext
(y) . (2.73)
With Eq. (2.72), the Coulomb potential VC(r) an be written as
VC(r) = g
2
〈
F 33(0)− F 33(r)〉 , (2.74)
with the self-energy of the quarks,
〈
F 33(0)
〉 ≡ 〈F 33(x, x)〉.
An approximation is needed to express VC(r) in terms of the known Green funtion DG(k).
In arriving at the solutions for the propagators in the previous setion, the ghost-gluon vertex
was approximated to be at tree-level. An approximation for writing VC(r) in terms of DG that
is equivalent to the vertex approximation would be desirable. Let us reall that fatorizing the
expetation value
〈
GΓ0G
〉 ≈ 〈G〉Γ0 〈G〉 implies Γ ≈ Γ0, see Eq. (2.21). In the same manner,
we fatorize 〈
F ab(x, y)
〉
=
∫
d3z
〈
Gad(x, z)(−∂2)Gdb(z, y)
〉
≈
∫
d3z
〈
Gad(x, z)
〉
(−∂2)
〈
Gdb(z, y)
〉
. (2.75)
Cheking the validity of this approximation is an issue dealt with in setion 3.6. The expression
(2.74) thus turns into
VC(r) = g
2
∫
d¯3k k2D2G(k)
(
1− eik·r
)
. (2.76)
Plugging in DG(k) = B/(k
2)1+κ from (2.50) permits an expliit evaluation of VC(r),
11
VC(r) =
g2B2
2π2
∞∫
0
dk k−4κ
(
1− sin(kr)
kr
)
=
g2B2
2π2
r4κ−1

(
1
4κ− 1 −
1
4κ
− 1
4κ(4κ − 1)
)
1
ǫ4κ−1
+
1
4κ(4κ − 1)
∞∫
0
dx
sinx
x4κ−1

=
g2B2
2π2
Γ(−4κ) sin (2κπ) r4κ−1 (2.77)
11
In the rst line, the pole at k = 0 is regularized by integrating only from 0 < ǫ ≪ 1 to ∞ and letting
ǫ → 0 at the end. In the seond line, partial integration is used repeatedly, and in the last line an integral
representation of the gamma funtion in Ref. [108℄, formula 3.761.4 was used.
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for values
1
4 < κ <
3
4 where this integral exists. In the latter interval, two solutions of the
DSEs exist, see Table 2.1. One of them, found on the branh κa(d) in Fig. 2.5, yields κa =
1
2
and thus a heavy quark potential VC(r) that rises linearly. From Eq. (2.77) one gets for κ = κa
V linC (r) =
g2B2
8π
r . (2.78)
By the above linear potential, heavy quarks are held together by a onstant fore given by the
Coulomb string tension σC = g
2B2
8π . Thus, heavy quarks are onned.
Let us reet on how we obtained suh a heavy quark potential. It is known that VC(r)
annot rise stronger than linearly [109, 110℄, but it ould saturate for large r (see further
disussions in the hapters below). The linearity of the potential agrees exatly with lattie
alulations (see e.g. Ref. [8℄). Hene, support is given for the validity of the result (2.78).
It is enlightening to survey the origin of this outome. The GribovZwanziger senario was
exhibited in setion 2.1. Gribov opies neessitate the restrition of onguration spae and
Zwanziger's entropy arguments demand the horizon ondition. The simplest possible state,
the stohasti vauum, is deemed suient to desribe the infrared properties of the theory.
DysonShwinger equations omprise the information on the Green funtions and with a few
approximations, we thus arrived at the linear potential (2.78). One might be astonished by the
simpliity of these ideas. In partiular, disarding the entire YangMills ation SYM (setting
Ψ[A] = 1) and still produing sensible results seems puzzling. The only physial ontent in
the generating funtional
Z[j] =
1
Vol(Ω)
∫
Ω
DAJ [A] ej·A (2.79)
that drives the (infrared) dynamis omes from the gauge xing proedure.
12
This notion goes
by the name infrared ghost dominane. Merely the FaddeevPopov kernel M (2.34) and its
boundary onditions on the Gribov horizon ∂Ω are suient to give rise to a linear onnement
potential. The ruial infrared properties are thus governed by entropy in onguration spae.
A aveat in the above reasoning for quark onnement in the Coulomb gauge is that the
Coulomb potential VC(r) is only an upper bound to the gauge-invariant potential VW (r) dened
by the Wilson loop [111℄. The Coulomb string tension is therefore larger or equal to the string
tension from the Wilson loop, σC ≥ σW . Hene, it annot serve as an order parameter for
the deonnement transition. The mehanism that lowers the Coulomb string tension to its
physial value is expeted to be due to onstituent gluons along the olor ux tube. So far,
the vauum Green funtions are unaware of the presene of external harges. It will be the
subjet of hapter 5 to investigate the eet of the bak reation of the external olor harges
onto the gauge eld setor.
Some further ritial remarks are at order.
• Perturbative setor. If the solutions in the stohasti vauum are independent of SYM ,
how do they onnet to the ultraviolet regime?
12
Note that the FaddeevPopov determinant is gauge invariant.
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• Approximations. How an we estimate the eet of the approximations made in deriving
the Green funtions?
• Uniqueness. Are the power law solutions found unique? Whih one of them is realized
in physis?
In the following it will be attempted to give answers to the questions listed above. The latter
item is dediated to the next setion.
2.8 On the uniqueness of the solution
Whether the solutions for the propagators found in setion 2.6 an be regarded as unique
solutions to the infrared setor of YM theory is an important issue addressed in this setion.
A thorough disussion of uniqueness would probably have to begin with the perturbative setor
and any approximations should be avoided. Here, we shall turn to a muh simpler task. In
view of the approximated DSEs (2.47) and (2.49), it is investigated if any of the solutions listed
in Table 2.1 an be onsidered unique.
A free parameter
First of all, let us start with a generalization of the DSEs. In the ontext of renormalization
in the perturbative regime, a loal ation is indispensable and the transversality ondition
on the gauge eld, be it Coulomb gauge or Landau gauge, needs to be taken o-shell. A
ruial dierene to the on-shell formulation is that the tree-level Green funtions are slightly
dierent. In partiular, the ghost-gluon vertex does not ome with a transversal projetor
attahed to its gluon leg. Instead of Γ0k(k, q), the loal formulation yields Γ
0
k(q) with
Γ0k(q) = igqk ⇔ Γ0k(k, q) = igtkj(k)qj . (2.80)
Consequently, in the loal formulation not all Feynman graphs are transverse in the gluon
momenta. For instane, the O(g2) gluon propagator in Landau gauge is known to be omprised
by a gluon loop, a ghost loop and a tadpole term. Only the sum of these diagrams yields a
transverse gluon propagator. This subtlety slightly alters the DSEs derived in setion 2.6. We
do not repeat the derivation here, but simply state the results,
D−1ij (k) = −Nc
∫
d¯dℓΓ0i (ℓ)Γ
0
j (ℓ− k)DG(ℓ)DG(ℓ− k) (2.81a)
D−1G (k) = k
2 − g2Nck2
∫
d¯dℓ
(
1− (ℓˆ · kˆ)2
)
DA(ℓ)DG(ℓ− k) , (2.81b)
as opposed to Eqs. (2.45) and (2.48). Here, the proper ghost-gluon verties were again replaed
by the tree-level ones. The ghost DSE stays the same. In the gluon DSE (2.81a), on the other
hand, note the tiny dierene that the ghost-gluon verties Γ0k(q) are the ones dened in
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Eq. (2.80). Although the nonperturbative ghost loop on the r.h.s. of Eq. (2.81a) should be
transverse with a proper ghost-gluon vertex,
13
it is generally not transverse with the tree-level
ghost-gluon verties (2.80). Transversality is lost due to the approximation of the vertex. To
ontrol the longitudinal ontributions, ontrat Eq. (2.81a) with the tensor
Rζij(k) := δij − ζℓij(k) . (2.82)
The fator ζℓij(k) would give no ontribution if both left and right hand side of (2.81a) were
transverse. The sensitivity of the solution with respet to ζ thus measures the violation of
transversality and the quality of the approximation used.
Before we use the tensor Rζij , let us alulate the inverse gluon propagator in Eq. (2.81a)
expliitly with the ansatz (2.50) for the ghost propagator DG(k),
14
B−2D−1ij (k) = g
2Nc
∫
d¯dℓ
ℓi(ℓ− k)j
(ℓ2)1+κ((ℓ− k)2)1+κ
= g2Nc
1
(4π)d/2
(k2)d/2−1−2κ
{
Γ(d/2− κ)2Γ(2κ + 1− d/2)
2Γ(1 + κ)2Γ(d− 2κ) δij
− Γ(d/2− κ)Γ(d/2 − 1− κ)Γ(2κ − d/2 + 2)
Γ(1 + κ)2Γ(d− 1− 2κ) ℓij(k)
+
Γ(d/2 + 1− κ)Γ(d/2 − 1− κ)Γ(2κ − d/2 + 2)
Γ(1 + κ)2Γ(d− 2κ) ℓij(k)
}
= IA [ δij − (4κ− d+ 2) ℓij(k) ] (k2)d/2−1−2κ , (2.83)
with the funtion IA given by Eq. (2.59a). The Lorentz struture of D
−1
ij (k) is most easily
reognized by the last line in (2.83). It reprodues a familiar result from perturbation theory
(κ = 0): the ghost loop has longitudinal omponents. Furthermore, one an see that quite
generally the ghost loop is not transverse. Transversality is maintained if and only if the
infrared exponent κ satises
κ =
d− 1
4
, (2.84)
as seen diretly in Eq. (2.83). For other values of κ, projetions of the gluon DSE (2.81a) with
the tensor Rζij(k) in Eq. (2.82) will depend on the value of ζ. In this ase, the omputation
of the DSEs an be repeated to give a ondition Iid(κ, ζ) = 1, analogously to Eq. (2.61). The
latter ondition yields a solution κ(d, ζ) that is not unique in the sense that it depends on ζ.
This dependene is due to the approximation of the ghost-gluon vertex and must be spurious.
In priniple, ζ an be regarded as a free parameter. A good approximation will give a weak
ζ-dependene.
We now fous on d = 3 where one an derive that [113℄
Iid(κ, ζ) =
32(κ − 1)κ cos(2πκ)
(1 + 2κ)(3 + 2κ)(2(1 − κ)− ζ(1− 2κ)) sin(πκ)2 = 1 (2.85)
13
If the ghost loop dominates in the infrared, it must itself be transverse.
14
The tensor integral may be expanded into salar integrals by means of the PassarinoVeltman algorithm
[112℄.
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Figure 2.7: The funtion κ(d = 3, ζ). Due to the approximation of the
ghost-gluon vertex, the infrared exponent κ depends on the parameter
ζ, exept for κa = 1/2.
determines the value of κ, spuriously dependent on ζ. For ζ = 1, the two solutions κa =
1
2
and κb = 0.398 from Table 2.1 are reovered. In Fig. 2.7, it is shown that other solutions for
κ an be found if ζ 6= 1. The important feature to notie here is that while κb depends on ζ,
κa is ζ-independent. This an be seen immediately from (2.84) by noting that κa =
1
2 yields
a transverse ghost loop. Although favored in Refs. [113, 105℄ for 3-dimensional Landau gauge,
the solution κb is quite sensitive to approximations in the o-shell formulations, and hene
might be unphysial. For the solution κa =
1
2 , the approximations made are more trustworthy
and it allows any value of ζ. Further arguments in favor of κa will be given in setion 3.5,
in the ontext of well-dened infrared limits of the ghost-gluon vertex. Here, let us nish the
disussion by noting that it is κa that naturally yields a linearly onning potential in the
Coulomb gauge.
In the Landau gauge (d = 4), the solutions listed in Table 2.1 are all sensitive to the value of ζ
and none of the solutions is harateristi in this respet. The aepted value for the infrared
exponent, is κ = 0.595, as reviewed in Ref. [54℄.
Logarithmi degeneray
The infrared power law ansätze made so far yielded integrals that an be generially represented
by
I(α; p2) :=
∫
ddℓ (ℓ2)αφ(ℓ− p) = I(α)(p2)α+ϕ , p→ 0 (2.86)
for some suitable funtion φ(ℓ2). The solutions to the integral in Eq. (2.86) with φ(ℓ2) being
a power law were disussed, and it is lear how to nd the exponent ϕ that depends on the
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dimension d of the integral and the funtion φ. The dimensionless numbers I(α) an be
omputed with the methods given in Ref. [103℄. Eah of the DSEs are of the form
(p2)β = I(α; p2) . (2.87)
Mathing both sides of Eq. (2.87), we get the sum rule β = α + ϕ on the one hand and the
ondition I(α) = 1 on the other hand. This determines α as well as β.
In order to inorporate logarithms into the infrared ansätze suh as (ℓ2)α lnn(ℓ2) we note that
simple powers an serve as generating funtions of the logarithm to some power n ∈ Z, that
is,
(p2)α lnn p2 =

∂n
∂αn
(p2)α n > 0∫
. . .
∫
dα︸ ︷︷ ︸
|n|
(p2)α n < 0 . (2.88)
As long as the generators of the logarithm, i.e. the derivatives or the α-integrals, may be
interhanged with the loop integration of ddℓ we an ompute
J(α, n; p2) :=
∫
ddℓ (ℓ2)α lnn ℓ2φ(ℓ− p) , p→ 0 (2.89)
by applying these generators to Eq. (2.86). E.g., for n = 1 we simply have to write
J(α, 1; p2) =
∫
ddℓ (ℓ2)α ln ℓ2φ(ℓ− p) =
∫
ddℓ
∂
∂α
(ℓ2)αφ(ℓ− p)
=
∂
∂α
I(α; p2) =
(
∂I(α)
∂α
+ I(α) ln p2
)
(p2)α+ϕ
p→0→ ln p2 I(α; p2) (2.90)
In the limit p → 0, the logarithm dominates any onstant and thus only the above term
remains. For any n ∈ N, the result yields
J(α, n; p2) = (p2)α+ϕ
n∑
k=0
(
n
k
)
∂kI(α)
∂αk
lnn−k p2 (2.91)
Equivalently to the ase n = 1, one gets the infrared limit
lim
p→0
J(α, n; p2) = lnn p2 I(α; p2) , n ∈ N . (2.92)
Let us turn to n < 0. From the presription (2.88) one an derive the formula for J by repeated
partial integration. To prove the result thus obtained, it is easier to turn the integral form of
Eq. (2.88) into a dierential equation,
I(α; p2) =
∂|n|
∂α|n|
J(α, n; p2) , n < 0 . (2.93)
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For n = −1, we get
J(α,−1; p2) = (p
2)α+ϕ
ln p2
∞∑
k=0
∂kI(α)
∂αk
(−1)k
lnk p2
+ C(p2) (2.94)
with a onstant C(p2) that does not depend on α.
Proof:
∂
∂α
J(α,−1; p2) = (p
2)α+ϕ
ln p2
∞∑
k=0
(
∂kI(α)
∂αk
(−1)k
lnk−1 p2
+
∂k+1I(α)
∂αk+1
(−1)k
lnk p2
)
= (p2)α+ϕ
∞∑
k=0
(
∂kI(α)
∂αk
(−1)k
lnk p2
− ∂
k+1I(α)
∂αk+1
(−1)k+1
lnk+1 p2
)
= (p2)α+ϕI(α) = I(α; p2) . (2.95)
Note in Eq. (2.94) that for p→ 0 only the term with k = 0 is relevant. The arbitrary integration
onstants C(p2) an always be hosen suh that they are subleading in the infrared. The result
(2.94) an now be generalized to any n < 0. By indution, one an show that
J(α, n; p2) =
(p2)α+ϕ
ln|n| p2
|n|∏
j=1
∞∑
kj=0
∂
P|n|
i kiI(α)
∂α
P|n|
i ki
(−1)
P|n|
i ki
ln
P|n|
i ki p2
+O(α|n−1|) , n < 0 (2.96)
satises the dierential equation (2.93). The infrared limit yields
lim
p→0
J(α, n; p2) =
I(α; p2)
ln|n| p2
, n ∈ Z− . (2.97)
In summary, we have shown that in the infrared limit for any n ∈ Z the logarithms in the
integrals J(α, n; p2) in Eq. (2.89) an be removed from under the integral and plaed in front
of the integral, evaluated at the external momentum p2, i.e.
lim
p→0
J(α, n; p2) = lnn p2 I(α; p2) , n ∈ Z . (2.98)
Therefore, if an integral equation of the DSE type, as given in Eq. (2.87), is solved by plain
power laws in the infrared, an ansatz of the kind (ℓ2)α lnn(ℓ2) with n ∈ Z will also be a
solution. To see that, note that the logarithm will appear on both sides of Eq. (2.87) and the
determining equation I(α) = 1 for the infrared exponent α is left unhanged. In this sense,
there is a degeneray in the infrared power law solutions that are insensitive to logarithms.
However, it is not lear how to rigorously generalize these results to n ∈ R. There are methods
to dene frational derivatives and frational integration [114℄ and a areful treatment might
reover the result (2.98) for arbitrary n ∈ R. This is something that would be worth looking
into. We onjeture here that in the infrared limit,
lim
k→0
∫
d¯dq
lnm q2 lnn(q − k)2
(q2)α((q − k)2)β = ln
m+n k2 Ξ0(α, β) (2.99)
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Figure 2.8: Left: Logarithmi dressings of a power law with α = 1 in the
infrared. The urves onrm that in the infrared limit, the logarithm
simply fators out, aording to Eq. (2.99). Right: Here, α = 0.75. The
upper urve with m = 0.5 yields ln2 k2, the middle urve with m = 0
yields ln k2 and the lower urve with m = −0.5 gives ln ln k2 in the
infrared.
where Ξ0(α, β) are the funtions dened in (2.51), basially the l.h.s. of (2.99) without the
logarithms. Hene, Eq. (2.99) states that in the infrared limit the logarithms fator out.
For the time being, it shall sue to orroborate this onjeture by a few modest numerial
investigations. In Fig. 2.8, we have implemented the integrals
J(k) :=
∫
d¯3q φ(q)φ(q − k)→ ln2m k2 I(α)
k4α−3
(2.100)
with the simple funtions
φ(k) =
{
lnm k2
(k2)α
for k < 1
1
k3 for k > 1
(2.101)
for several values of α and m. In the left panel of Fig. 2.8, the infrared limit indiated in Eq.
(2.100) with I(α) = Γ2(3/2−α)Γ(2α−3/2)/ (8π3/2Γ2(α)Γ(3 − 2α)) following from Eq. (B.6a)
is found exatly. This supports the hypothesis (2.99).
In Ref. [115℄, the possibility of logarithmi orretions to the power law solutions was disussed
using the angular approximation. It is easily veried that the angular approximation is unable
to reprodue reliable results for the lass of two-point integrals we are dealing with. Moreover,
the hypothesis (2.99) needs a more rened treatment than the angular approximation an
provide. The denial of logarithmi orretions in Ref. [115℄ is therefore likely to be due to the
angular approximation.
A further point is made in the right panel of Fig. 2.8. If the power law exponent α in the
integrand of Eq. (2.100) is suh that the integral is dimensionless, i.e. α = 34 with m = 0,
the results will be a logarithm, rather than k0 = const. If furthermore m 6= 0, the result
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is ln1+2m k2. This an be seen in the two upper urves of the plot. The lower urve with
the hoie m = −12 renders the exponent of the logarithm zero. The asymptoti result found
numerially is the funtion ln ln k2. With zero exponents of power laws inrementing the
logarithm power, and with zero logarithm power inrementing the ln ln k2 power, it is intuitive
to expet this logi to ontinue to ln ln ln k2, ln ln ln ln k2 and so on. Let us have these general
ideas be followed up with a spei example. Consider an iteration of the DSEs in d = 3
with κ = 14 as a starting point, i.e. D
(0)
G (k) ∼ 1/(k2)5/4. The ghost loop then produes,
after UV subtration, a logarithm in the IR, f. Eq. (2.70). Consequently, the IR gluon
propagator yields D
(1)
A (k) ∼ 1/(ln k2). Plugged into the ghost DSE, the log sum rule (2.99)
yields that D
(1)
G (k) ∼ (ln k2)/(k2)5/4. Every iteration inrements the logarithm power of the
ghost propagator, so after the nth iteration, D
(n)
G (k) ∼ (lnn k2)/(k2)5/4. The hoie κ = 14
must therefore be exluded, see Eq. (2.71).
However, as long as suh subtleties are avoided, the solutions for the ghost and gluon propa-
gators an be appended by
DA(k) =
A
(k2)1+αA lnγ (k2/µ2)
DG(k) =
B
(k2)1+αG lnδ (k2/µ2)
(2.102)
with the onditions (2.54) and (2.61) from the power law analysis and the log sum rule
γ + 2δ = 0 (2.103)
from Eq. (2.99). Due to the fatoring out of the logarithms in the infrared limit, no hanges are
expeted for the value of κ = αG. Neither are any qualitative hanges expeted if logarithms
are present in the infrared, for they are always subdominant to power laws.
To summarize this setion, the power solutions found in setions 2.6 are not neessarily unique.
First of all, a free parameter an be dialled in the o-shell formulation to yield dierent values
of the infrared exponents. Only the one solution, κa =
1
2 for d = 3 (see Fig. 2.5), is insensitive
to this parameter. Seondly, the amendment of logarithms to the power law solutions give one
possibility to generalize the solutions. Logarithms will be of partiular interest in the disussion
of the ultraviolet behavior of the Green funtions. That will be the topi of hapter 4.
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3 Variational solution for the vauum state
While in the previous hapter the stohasti vauum state was investigated to derive the in-
frared properties of the theory, this hapter is devoted to determine the vauum wave funtional
in the temporal Coulomb gauge by variational methods. A Gaussian type of ansatz wave fun-
tional is put forward to alulate the energy and minimize it with respet to the parameters
of the ansatz. The solutions for the Green funtions thus obtained turn out to approah the
power law solutions for d = 3 of the previous hapter in the infrared. In the ultraviolet, the
propagators are those of free partiles, up to logarithmi orretions.
By virtue of the (time-independent) YangMills Shrödinger equation, additional information
is available from the spetral properties of the Hamiltonian, as opposed to the exlusive onsid-
eration of DysonShwinger equations. In this respet, the Hamiltonian approah is superior
to the Lagrangian approah, utilizing the priniple of minimal energy. In quantum eld theory,
variational methods have enjoyed onsiderable attention [116, 117℄. However, ritial remarks
were issued by Feynman. In the 1987 Wangerooge onferene, Feynman laimed that varia-
tional methods were no damn good at all in quantum eld theory [117℄, essentially for the
following reason. The only wave funtionals that an be used reasonably, are Gaussians. Any
orretions to the Gaussians an only be alulated numerially, involving intolerable errors.
The inauraies in the ultraviolet setor spoil the reliability of infrared quantities, espeially
in non-linear theories suh as QCD where the UV and IR modes mix. Therefore, if Gaussian
wave funtionals are not good enough, there is no hane in nding reasonable results with the
variational method, aording to Feynman. The alulations presented in this hapter are, of
ourse, overshadowed by the latter remarks. Nevertheless, on a qualitative level, the results
turn out immune to the ritiism. First of all, a generalization of Gaussian wave funtionals
is feasible and will be exhibited in the following setion. Seondly, the GribovZwanziger se-
nario infers that the gauge-xed onguration spae itself governs the infrared, regardless of
the ultraviolet auray of the wave funtional. The ruial infrared properties do not follow
from the variational minimization of the vauum energy, but an be extrated diretly from the
path integration inside the Gribov horizon, along with the horizon ondition. We are therefore
ondent that the infrared power laws do not suer from any other approximations than those
disussed in the previous hapter.
It is well-known from nulear physis that the ground state energy is quite insensitive to
errors in the wave funtion. The auray of the wave funtion is tested by the alulation
of transition amplitudes, not by the vauum state itself. In the same sense, one may expet
that the YangMills vauum energy density is not too far o using the rude approximation
of a Gaussian vauum wave funtional. Other quantities, suh as the verties, may be more
sensitive to hanges in the wave funtional. These assertions will be disussed in the ourse of
this hapter.
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3.1 Gaussian types of wave funtionals
Gaussian types of Coulomb gauge wave funtionals are put forward in this setion. They were
rst proposed in Refs. [85, 83℄,
Ψλ[A] = NJ−λ[A] exp
[
−1
2
∫
d3[xy]Aai (x)ω(x, y)A
a
i (y)
]
, (3.1)
where ω(x, y) is a variational kernel and N normalizes the wave funtional, 〈Ψ|Ψ〉 = 1. [Note
that heneforth, we refrain from using bold-faed symbols for 3-vetors, unless neessary for
larity.℄ The fator of the FaddeevPopov determinant with the real exponent λ allows for a
further enhanement (if λ > 0) of the probability density near the Gribov horizon. One spei
hoie, λ = 12 , resembles the usage of a radial wave funtion, familiar from the alulation of
the hydrogen atom. In this ase, the evaluation of expetation values beomes straightforward
beause the generating funtional of full Green funtions,
Zλ[j] = 〈Ψ| exp
[∫
d3xjak(x)A
a
k(x)
]
|Ψ〉
= N 2
∫
DAJ 1−2λ[A] exp
[
−
∫
d3[xy]Aak(x)ω(x, y)A
a
k(y) +
∫
d3xjak (x)A
a
k(x)
]
,
(3.2)
is atually a Gaussian path integral for λ = 12 . Before we write down the result, let us try to
understand the meaning of the parameter λ.
A DysonShwinger equation (DSE) for the gluon propagator an be written down for the
path integral in Eq. (3.2) in order to relate ω and λ to the gluon propagator Dij ,
0 = N 2
∫
DA δ
δAai (x)
J 1−2λ
exp
[
−
∫
d3[x′y′]Ack(x
′)ω(x′, y′)Ack(y
′) +
∫
d3x′jck(x
′)Ack(x
′)
]
= N 2
∫
DAJ 1−2λ
(
(1− 2λ) δ lnJ
δAai (x)
− 2
∫
d3z ω(x, z)Aai (z) + tim(x)jm(x)
)
exp
[
−
∫
d3[x′y′]Ack(x
′)ω(x′, y′)Ack(y
′) +
∫
d3x′jck(x
′)Ack(x
′)
]
. (3.3)
Taking a derivative w.r.t. jbj (y) and setting soures to zero yields
0 = (1− 2λ)
〈
δ lnJ
δAai (x)
Abj(y)
〉
λ
− 2
∫
d3z ω(x, z)
〈
Aai (z)A
b
j(y)
〉
λ
+ tabij (x, y) . (3.4)
Setting λ = 12 in the above equation, the gluon propagator is seen to be determined by the
variational kernel ω(x, y),〈
Aai (x)A
b
j(y)
〉
1
2
=
1
2
δabtij(x)ω
−1(x, y) . (3.5)
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For λ 6= 12 , we rewrite the rst term in Eq. (3.4) by partial integration,〈
δ lnJ
δAai (x)
Abj(y)
〉
λ
= N 2
∫
DAJ 1−2λ δ lnJ
δAai (x)
(
−1
2
∫
d3zω−1(y, z)
δ
δAbj(z)
)
exp
[
−
∫
d3[x′y′]Ack(x
′)ω(x′, y′)Ack(y
′)
]
=
∫
d3z
(〈
δ2 lnJ
δAai (x)A
b
j(z)
〉
λ
+ (1− 2λ)
〈
δ lnJ
δAai (x)
δ lnJ
δAbj(z)
〉
λ
)
1
2
ω−1(z, y) . (3.6)
We now introdue an approximation for the evaluation of Green funtions, referred to as the
loop expansion. Whereas its ommon denition onerns an expansion in ~, we here use the
term loop expansion for ordering diagrams by the number of loops, integrating nonperturbative
ghost or gluon propagators. Applied to Eq. (3.6), it an be realized that the rst term omprises
one loop, and the seond term omprises two loops.
1
In the one-loop expansion, we may write
Eq. (3.4) as
0 = (1− 2λ)
∫
d3z
〈
δ2 lnJ
δAai (x)A
b
j(z)
〉
λ
1
2
ω−1(z, y)
−2
∫
d3z ω(x, z)
〈
Aak(z)A
b
j(y)
〉
λ
+ tabij (x, y) . (3.7)
We reognize in Eq. (3.7) the ghost loop, here denoted by χij with
χabij (x, y) = −
1
2
〈
δ2 lnJ
δAai (x)A
b
j(y)
〉
λ
. (3.8)
Sine by the quantity χij the non-trivial metri of the gauge-xed variables is expressed, the
momentum spae quantity
χ(k) =
1
(d− 1)(N2c − 1)
tij(x)δ
ab
∫
d3xχabij (x, y) e
−ik·(x−y)
(3.9)
is also referred to as the urvature [83℄, with the spatial dimension d = 3. Introduing for the
gluon propagator the funtion Ω(x, y) by〈
Aai (x)A
b
j(y)
〉
λ
=
1
2
tij(x)Ω
−1(x, y) , (3.10)
and employing the one-loop approximation, Eq. (3.7) an be found to yield
Ω(x, y) = ω(x, y) + (1− 2λ)χ(x, y) . (3.11)
Reall from the last hapter that the DSEs, following diretly from the boundary onditions
on the path integration within the Gribov horizon, fully determine the Green funtions of the
1
Eah funtional trae Tr, as found in lnJ = Tr lnG−1, gives rise to a loop.
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theory. In the variational approah, on the other hand, the Green funtions have a parametri
dependene on the kernel ω and on the parameter λ. The DSE (3.11) merely tells us how the
gluon propagator is related to the variational kernel ω. The equation that atually determines
ω is the Shrödinger equation, H |Ψ〉 = E |Ψ〉, that yields for the vauum state a variational
equation of the Rayleigh-Ritz type,
〈H〉 → min . (3.12)
The Shrödinger equation is not stritly a DSE, regarding its origin. Nevertheless, we will
often refer to the Shrödinger equation as a DSE sine, after all, it has the same form of a
non-linear integral equation.
One infers from Eq. (3.11) that for the evaluation of the gluon propagator to one-loop order,
the FaddeevPopov determinant in (3.2) an be replaed by a Gaussian,
J = exp
[
−
∫
d3[xy]Aai (x)χ
ab
ij (x, y)A
b
j(y)
]
, (3.13)
and it sues to use the following generating funtional
Zλ[j] =
∫
DA exp
[
−
∫
d3[xy]Aak(x)Ω(x, y)A
a
k(y) +
∫
d3xjak(x)A
a
k(x)
]
= exp
[
1
4
∫
d3[xy]jam(x)tmn(x)Ω(x, y)j
a
n(y)
]
. (3.14)
From the relation
〈O[A]〉λ = O
[
δ
δj
]
Zλ[j] (3.15)
one an verify that the gluon propagator yields Eq. (3.11).
It was shown in Ref. [85℄ that for the alulation of expetation values in the Shrödinger
equation to one-loop order, the FaddeevPopov determinant an be replaed aording to Eq.
(3.13). Thus, the Gaussian type of wave funtionals (3.1) are indeed Gaussian to the level
of approximation. The funtional form of Wik's theorem [118℄ thus beomes appliable and
results in the onise presription (3.15) to evaluate expetation values. With ω replaed by
Ω in Eq. (3.14), the Shrödinger equation minimizes the energy with respet to the gluon
propagator (3.10) and the value of λ is therefore irrelevant [85℄. We will make the hoie λ = 12
to solve the Shrödinger equation following Ref. [83℄. Let us point out here that the restrition
to the Gribov region is abandoned in the evaluation of the Gaussian path integrals, see Eq.
(3.14). It is therefore of partiular interest to ompare the results to lattie alulations.
With a Gaussian wave funtional at hand, the gauge elds an be transformed into the partile
representation and interpreted as partiles with energy modes ω(k). Sine the funtion ω(k)
turns out be a non-trivial dispersion relation, gluons are interpreted as quasi-partiles. This
will be further disussed in hapter 5.
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3.2 Minimizing the energy density
The vauum energy density of YangMills theory with vanishing external harges, ρa
ext
(x) = 0,
was alulated in the state (3.1) with λ = 12 to two-loop order (in the energy) in Ref. [83℄.
Subsequently, the YangMills Shrödinger equation was used to determine the vauum state
by minimizing the energy density w.r.t. the kernel ω(k). This leads to the equation2
δ
δω
〈H〉 = 0 (3.16)
whih is basially the only equation that follows from minimizing the energy. Sine it gives rise
to a dispersion relation with a mass gap, we refer to Eq. (3.16) as the gap equation. The gap
equation has quite a omplex struture, involving the ghost propagator in partiular, and we
have to resort to auxiliary equations in order to alulate the expetation values. One of these
equations is the ghost DSE derived in hapter 2 and another one aounts for the fatorization
of the Coulomb potential, see below. The entire alulation of Ref. [83℄ shall not be repeated
here, but only the essential steps are outlined and some subtleties are pointed out.
For the expetation value E = 〈H[A,Π]〉 with the YangMills Hamiltonian H[A,Π] given
by Eq. (1.107), to be alulable by the presription (3.15), the momentum operators Π are
eliminated by ation on the wave funtional Ψ[A] = 〈Ψ|A〉. We introdue by
√JΠak(x)
1√J
(√JΨ[A]) = ( δ
iδAak(x)
− 1
2i
δ lnJ
δAak(x)
)
N e− 12
R
AωA
= iQak(x)
(√JΨ[A]) (3.17)
the quantity
Qak(x) =
∫
d3y ω(x, y)Aak(y)−
1
2
tkj(x)Tr
(
GΓ0,ak (x)
)
. (3.18)
One an then show that for the given wave funtional Ψ 1
2
[A],
E = 〈H[A,Π]〉 = 〈H[A,Q[A]]〉 (3.19)
and Wik's theorem (3.15) beomes appliable. The vauum energy E = Ek + Ep + EC an
be omputed [83℄ and it yields the kineti energy
Ek =
N2c − 1
2
(2π)3δ3(0)
∫
d¯3k
[ω(k)− χ(k)]2
ω(k)
, (3.20)
the magneti potential
Ep =
N2c − 1
2
(2π)3δ3(0)
∫
d¯3k
k2
ω(k)
+
Nc
(
N2c − 1
)
16
g2(2π)3δ3(0)
∫
d¯3k d¯3k′
1
ω(k)ω(k′)
(
3− (kˆ · kˆ′)2
)
, (3.21)
2
In this setion, all expetation values are taken in the vauum state (3.1) with λ = 1
2
.
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and the Coulomb potential
EC = g
2Nc(N
2
c − 1)
8
(2π)3δ3(0)
∫
d¯3k d¯3k′
(
1 + (kˆ · kˆ′)2
) d(k − k′)2f(k − k′)
(k − k′)2
([ω(k)− χ(k)]− [ω(k′)− χ(k′)])2
ω(k)ω(k′)
. (3.22)
These terms arise from the kineti, magneti, and Coulomb parts of the Hamiltonian, listed in
that order in Eq. (1.107). The overall volume fator of (2π)3δ3(0) is due to the translational
invariane in the absene of loalized external harge distributions. In the above expressions,
two form fators were introdued. The ghost form fator d(k) measures the deviation of the
ghost propagator DG(k) from tree-level,
3
DG(k) =
d(k)
k2
, (3.23)
and the Coulomb form fator f(k) measures the deviation from the fatorization in the expe-
tation value of the Coulomb operator F (f. Eq. (2.75)),
〈F (k)〉 = d
2(k)f(k)
k2
. (3.24)
From the denition (3.9), the urvature χ(k) is found to dene the following integral,
χ(k) = g2
Nc
4
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d(ℓ)d(ℓ − k)
(ℓ− k)2 . (3.25)
The gap equation an be derived from Eq. (3.16) using
δE
δω(k)
=
N2C − 1
2
δ3(0)
1
ω2(k)
[−k2 + ω2(k) − χ2(k)− I0ω − Iω(k)] , (3.26)
to yield in momentum spae [83℄
ω2(k) = k2 + χ2(k) + Iω(k) + I
0
ω (3.27)
with the abbreviations
I0ω = g
2NC
4
∫
d¯3ℓ
(
3− (kˆ · ℓˆ)2
) 1
ω(ℓ)
(3.28a)
Iω(k) = g
2NC
4
∫
d¯3ℓ
(
1 + (kˆ · ℓˆ)2
) d(k − ℓ)2f(k − ℓ)
(k − ℓ)2
[ω(ℓ)− χ(ℓ) + χ(k)]2 − ω(k)2
ω(ℓ)
(3.28b)
In addition, the ghost from fator d(k) obeys the ghost DSE (2.48),
1
d(k)
= 1− g2Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d(ℓ− k)
(ℓ− k)2ω(ℓ) (3.29)
3
Note that this denition is dierent from Ref. [83℄. Here, at tree-level d(k) = 1.
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and the Coulomb form fator obeys another integral equation that will be disussed further in
setion 3.6,
f(k) = 1 + g2
Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d2(ℓ− k)f(ℓ− k)
(ℓ− k)2ω(ℓ) (3.30)
The equations (3.27), (3.29) and (3.30) are here olletively alled the DysonShwinger equa-
tions (DSEs) of our approah to Coulomb gauge YangMills theory. The approximations used
in deriving the DSEs inlude the tree-level approximation for the ghost-gluon vertex and the
one-loop expansion in the gap equation.
3.3 Renormalization
Eah one of the DysonShwinger equations, the one for the ghost form fator d(k), the
Coulomb form fator DSE for f(k), the gap equation for ω(k) and also the urvature integral
χ(k) require subtration of the UV divergenes. This an be seen by plugging in the ultraviolet
behavior of the form fators known from perturbation theory. As disussed in more detail in
hapter 4, the ultraviolet asymptoti propagators should attain tree-level up to logarithmi
orretions. The tree-level values for the ghost form fator as well as the Coulomb form fator
are simply unity. Whereas the latter are genuinely instantaneous in our approah, the gluon
propagator may be regarded as the equal-time part of the tree-level propagator in Eulidean
spaetime,
D0ij(k,∆t = 0) =
∞∫
−∞
d¯k0
tij(k)
k20 + k
2
=
tij(k)
2|k| (3.31)
and a rst guess
4
for ω(k) in the UV therefore is ω(k → ∞) = k, yielding the dispersion
relation of a free massless partile. By simple power ounting in the ultraviolet, the integrals
in (3.29) and (3.30) are found to be logarithmially divergent. The gap equation (3.27) and
the urvature integral (3.25), on the other hand, ontain power divergenes.
Renormalization, the onept of redening the parameters of a theory suh that expetation
values are free of innities, an be introdued multipliatively in perturbation theory [119℄.
That is, the loal eld operators are multiplied by renormalization onstants suh as to remove
the divergenes ourring in the perturbative expansion. In the Lagrangian language, multi-
pliative renormalization may be desribed by appropriate ounter terms in the Lagrangian
that respet its symmetries. The arbitrariness in dening the nite part of a divergent quantity
an be ontrolled by the renormalization group. Nonperturbatively, a systemati onept of
removing divergenes is laking. This also applies to the present nonperturbative approah to
Coulomb gauge YM theory. In Ref. [120℄, ounter terms to the Hamiltonian were introdued
whih are seena posteriorito remove the divergenes in the DSEs. Below, we will follow
4
Reall that Dij(k) =
1
2
tij(k)ω
−1(k).
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the renormalization proedure given in Ref. [120℄. Thus, some additional parameters are in-
trodued into the theory. It will be seen that, at least for the asymptoti IR and UV behavior,
the solutions are independent of these parameters.
Renormalization of the FaddeevPopov determinant
The urvature integral (3.25) is linearly divergent. From the identity J = exp(− ∫ AχA), see
Eq. (3.13), valid to one-loop order, it is evident that the divergenes in χ(k) an be traed
bak to the FaddeevPopov determinant. Eq. (3.13) suggests that the ounter terms required
to renormalize the FaddeevPopov determinant, or more preisely its logarithm, have to be of
the form ∼ ∫ AA . Sine the log of the FaddeevPopov determinant an be regarded as part
of the ation, we renormalize the FaddeevPopov determinant as
J → J ·∆J = exp
[
Tr lnG−1 + Cχ(Λ)
∫
d3xAak(x)A
a
k(x)
]
(3.32)
or by using the representation Eq. (3.13), we obtain
J ·∆J = exp
[
−
∫
A (χ− Cχ(Λ))A
]
. (3.33)
Obviously, the ounter term Cχ(Λ) has to be hosen to eliminate the ultraviolet divergent part
of the urvature χ(k). Thus the renormalization ondition reads in momentum spae
χ(k)− Cχ(Λ) = nite . (3.34)
As usual, there is some freedom in hoosing the nite onstants of the right hand side of
Eq. (3.34). In priniple, we ould just eliminate the ultraviolet divergent part of χ(k) by
appropriately hoosing the ounter term Cχ(Λ). However, it is more onvenient to hoose
Cχ(Λ) to be the urvature at some renormalization sale µ, resulting in the renormalization
ondition
Cχ(Λ) = χ(µ) (3.35)
and in the nite renormalized urvature
χ¯(k) = χ(k)− χ(µ) . (3.36)
It is easy to hek that this quantity is indeed ultraviolet nite and obviously it satises the
ondition
χ¯(k = µ) = 0 . (3.37)
By adopting the renormalization ondition Eq. (3.35), the renormalized quantity χ¯(k) in Eq.
(3.36) depends on the so far arbitrary sale µ. By hoosing the renormalization ondition
Eq. (3.37) this renormalization sale beomes a parameter of our model, sine it denes the
infrared ontent of the urvature χ(k) kept in the renormalization proess. For instane,
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hoosing µ = 0, the whole infrared divergent part of the urvature is hopped o. The
numerial alulations below use a nite µ > 0.
In Ref. [121℄, a dierent renormalization ondition was hosen, keeping from the ultraviolet
divergent quantity χ(µ) the nite part χ′(µ). This amounts to setting
Cχ(Λ) = χ(µ)− χ′(µ) , (3.38)
whih results in the renormalized urvature
χ(k) = χ¯(k) + χ′(µ) . (3.39)
Only the divergent part of the urvature is subtrated, keeping fully its nite part. Here, we
have an extra parameter χ′(µ) of the theory and the renormalization sale µ is not related
to the zero of the renormalized quantity χ(k) in Eq. (3.39). The latter method of removing
divergenes may be looked upon as an alternative, the former (3.36) will be used below. Both
methods an be aounted for by the spei hoie of the ounter term ∆J to the Faddeev
Popov determinant.
Counter terms to the Hamiltonian
In order to eliminate the divergenes in the gap equation, it turns out the ounter terms
∆H = C0(Λ)
∫
d3xAak(x)A
a
k(x) + iC1(Λ)
∫
d3xAak(x)Π
a
k(x) (3.40)
should be added to the Hamiltonian. Here the oeients C0(Λ) and C1(Λ) depend on the
momentum uto Λ and have to be adjusted so that the UV singularities in the gap equation
disappear. Note that these oeients multiply ultraloal operators whih are singular in
quantum eld theory. For the wave funtional at hand, the expetation value of the ounter
term Eq. (3.40) is given by
∆E = C0(Λ)
1
2
tiiδ
aa
∫
d3xω−1(x, x) − C1(Λ)
∫
d3x 〈Aak(x)Qak(x)〉 . (3.41)
With the identity
〈Aak(x)Qak(x)〉 =
∫
d3x′ω−1(x, x′)
(
ω(x′, x)− χ(x′, x)) δaa (3.42)
shown in Ref. [83℄, Eq. (3.41) an be written in momentum spae as
∆E =
(
N2C − 1
)
(2π)3δ3(0)
[
C0(Λ)
∫
d¯3k
1
ω(k)
− C1
∫
d¯3k
ω(k) − χ(k)
ω(k)
]
. (3.43)
Taking the variation of this expression with respet to ω(k), we obtain
δ∆E
δω(k)
=
(
N2C − 1
)
δ3(0)
[
−C0(Λ) 1
ω2(k)
− C1(Λ) χ(k)
ω2(k)
]
. (3.44)
Note that χ(k) depends only on the ghost propagator but not on the gluon energy ω, at least
as long as χ(k) is not yet the self-onsistent solution. Adding the ounter terms from Eq.
(3.43) to the energy in the gap equation (3.26), one nds
ω2(k) = k2 + χ2(k) + I0ω + Iω(k)− 2C0(Λ)− 2C1(Λ)χ(k) . (3.45)
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Renormalization of the gap equation
We now turn to the renormalization of the gap equation (3.45) whih already inludes the
ounter terms. After the renormalization of the FaddeevPopov determinant, the urvature
χ(k) an be replaed by the renormalized one χ¯(k), Eq. (3.36). Note that the Coulomb integral
Iω(k) does not depend on any onstant part of the urvature, see Eq. (3.28b), so that χ(k)
ould have been replaed right away by the nite quantity χ¯(k). Replaing χ(k) by χ¯(k) and
using the relation
Iω(k) = I
(2)
ω (k) + 2χ¯(k)I
(1)
ω (k) , (3.46)
the gap equation in Eq. (3.45) beomes
ω2(k)− χ¯2(k) = k2 + I0ω + I(2)ω (k)− 2C0(Λ) + 2χ¯(k)
(
I(1)ω (k)− C1(Λ)
)
. (3.47)
The integrals I
(n=1,2)
ω (k) are the linearly (n = 1) and quadratially (n = 2) UV divergent parts
of Iω(k) in Eq. (3.28b), see also Ref. [83℄. The integral I
0
ω in Eq. (3.28a) is also quadratially
divergent but independent of the external momentum. We an therefore eliminate all UV-
divergenes by hoosing C0(Λ) ∼ Λ2 and C1(Λ) ∼ Λ. In priniple, the oeients of the
ounter terms C0(Λ) and C1(Λ) have to be hosen to eliminate the UV divergent parts of the
quantities appearing in the gap equation. This means that we should hoose these innite
oeients as (
I0ω + I
(2)
ω (k)
)
UV divergent part
− 2C0(Λ) = 0 (3.48)
I(1)ω (k)
∣∣∣
UV-divergent part
− C1(Λ) = 0 (3.49)
Note that the UV divergent parts of I
(n=1,2)
ω (k) are by dimensional arguments independent of
the external momentum k. Tehnially it is more onvenient to hoose the following alternative
renormalization onditions. As usual we have the freedom in hoosing the renormalization on-
ditions up to nite onstants. Given the fat that I0ω is independent of the external momentum
and the dierenes
∆I(n)ω (k, ν) = I
(n)
ω (k)− I(n)ω (ν) (3.50)
are UV-nite, we an eliminate all UV-divergenes by hoosing the renormalization onditions
I0ω + I
(2)
ω (k = ν)− 2C0(Λ) = 0 (3.51a)
I(1)ω (k = ν)− C(Λ) = 0 , (3.51b)
where ν is an arbitrary renormalization sale, whih ould be hosen to be the same sale
µ of the renormalization of the urvature, but given the fat that with the renormalization
presription (3.35), the sale µ beomes a physial parameter, the two renormalization param-
eters ν and µ need not neessarily be the same. With the renormalization onditions (3.51)
the renormalized (nite!) gap equation reads
ω2(k)− χ¯2(k) = k2 +∆I(2)ω (k, ν) + 2χ¯(k)∆I(1)ω (k, ν) . (3.52)
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Assuming that the integrals I
(n=1,2)
ω (k) are infrared nite and furthermore that the renormal-
ized urvature χ¯(k) is infrared divergent, the infrared limit of the renormalized gap equation
is given by
lim
k→0
(ω(k)− χ¯(k)) = ∆I(1)ω (k = 0, ν) . (3.53)
The 't Hooft loop, whih yields a perimeter law in the onnement phase, an be expliitly
alulated using its representation found in Ref. [122℄. In the Gaussian vauum, it is sensitive
to the quantity (3.53) and it is shown in Refs. [123, 121℄ that only the hoie ν = 0 gives the
perimeter law. With this hoie the renormalized gap equation beomes
ω2(k)− χ¯2(k) = k2 +∆I(2)ω (k, 0) + 2χ¯(k)∆I(1)ω (k, 0) . (3.54)
Renormalization of the ghost and Coulomb form fator
The DysonShwinger equation for the ghost propagator is given by Eq. (3.29) and bears a
logarithmi divergene in the ultraviolet part of the integral. By a simple subtration at µd,
this divergene is removed. Hene,
1
d(k)
=
1
d(µd)
−
[
g2
Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d(ℓ− k)
(ℓ− k)2ω(ℓ) − (k ↔ µd)
]
(3.55)
is a nite equation. In priniple, one an hoose µd dierent from µ. In view of the horizon
ondition, it is onvenient to set µd = 0 while keeping a nite µ (in partiular for the sake of
the urvature).
The DSE for the Coulomb form fator is given by Eq. (3.30) and an be subtrated at µf to
yield the nite expression
f(k) = f(µf ) +
[
g2Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d2(ℓ− k)f(ℓ− k)
(ℓ− k)2ω(ℓ) − (k ↔ µf )
]
. (3.56)
We hoose here µf = µ. The oupled DSEs then ontain the following undetermined param-
eters: the renormalization sale µ of the renormalization of the urvature and the renormal-
ization onstant f(µ) of the Coulomb form fator. The parameter d(µd) may (or may not) be
taken are of by implementing the horizon ondition.
3.4 Full numerial solutions
The renormalized and thus nite DSEs (3.54, 3.55, 3.56) are ast in a form tratable for a
numerial study. Solving suh a oupled set of integral equations is pursued by iteration.
An eduated guess for initial form fators is plugged into the integrals and the results are
reorded by the Chebyhev approximation to be proessed further. For asymptoti values of
momentum, it is instrutive for the numeris to make use of the analytial results, f. the
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methods used in Refs. [124, 125, 106, 126℄. The set of nodes over a nite momentum region.
In order to extrapolate this to the whole innite momentum range, the general algebrai forms
obtained analytially serve as ansätze. However, ontrary to what has been previously done
in DysonShwinger studies, the parameters of these asymptoti forms are still determined
numerially. E.g., in the infrared it was shown analytially that power laws provide a solution.
The numeris will have the asymptoti form of the power laws (2.50) as an input but determine
the various exponents and oeients as parameters by nonlinear least-squares tting. Thus,
this numerial method provides a hek on the analytial results of Table 2.1 rather than
imposing the latter.
Previously, a numerial solution of the Coulomb gauge DSEs was found in Ref. [83℄. The
infrared behavior agreed approximately with the exponent κ = 0.398 of Table 2.1. A heavy
quark potential was obtained that onnes but does not rise linearly, as ompared to the
Wilson loop on the lattie. Therefore, a string tension annot be extrated from these results.
After analytial investigations of the infrared behavior of the Coulomb gauge Green funtions
in Ref. [103℄, it beame lear that yet another solution, with κ = 12 should exist. Eventually,
improved numerial methods were able to indeed onrm κ = 12 and reveal a stritly linearly
rising potential in Ref. [86℄. These results will be exhibited in this setion.
The tehnial details of the numerial alulation are desribed in Ref. [86℄. It shall sue here
to mention the essene of the set-up. For onveniene, the gauge oupling g is set to unity. The
funtions
5 ω(k) and χ(k) are both desribed in the far infrared by a power law A/kα where
A and α are extrated by tting the solution. It is possible to gain more information on the
intermediate momentum regime by setting up an infrared expansion of the funtion
ω(k)− χ(k) = c+ c1kγ , k → 0 , γ > 0 . (3.57)
and again determining its parameters by tting. While both ω(k) and χ(k) are infrared
enhaned, we have c < ∞. Realling that the 't Hooft loop requires for onnement ν = 0 in
Eq. (3.53), we realize that c = 0.
In the ultraviolet, we use the asymptoti behavior of the form fators found in Ref. [83℄ and
make the orresponding ansätze for k →∞,
ω(k) = k (3.58a)
χ(k) ∼ k/
√
ln(k/mχ) (3.58b)
d(k) ∼ 1/
√
ln(k/md) (3.58)
f(k) ∼ 1/
√
ln(k/mf ) (3.58d)
extrating the oeients as well as the dierent sale parameters mχ, md, mf using least-
squares tting. An ultraviolet behavior dierent from Eq. (3.58) will be proposed in hapter 4.
All numerial plots displayed in this setion were alulated by D. Epple [86℄. As seen from the
left panel in Fig. 3.1, both ω(k) and χ(k) are enhaned like 1/k in the infrared, as predited in
5
We drop the bar on χ(k), still meaning χ¯(k) in Eq. (3.36).
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Figure 3.1: Left: The gluon energy ω(k) and the modulus of the salar
urvature χ(k). Right: The dierene ω(k)− χ(k).
the stohasti vauum. The right panel of Fig. 3.1 shows the funtion ω(k) − χ(k) vanishing
for k → 0, in aord with our hoie of the renormalization ondition c = 0. Fig. 3.2 (left
panel) shows the infrared enhaned ghost form fator d(k). Thus, the funtions d(k), ω(k)
and χ(k) are all enhaned as 1/k in the infrared. On the right panel of Figure 3.2, the heavy
quark Coulomb potential VC(r), as given by Eq. (2.74), is shown. An exatly linearly rising
behavior (within an estimated error of less than one perent) is found, again in agreement
with the infrared analysis of hapter 2. The linearly rising potential allows us to t our sale
from the string tension. Lattie alulations [127, 75, 128℄ show, however, that the Coulomb
string tension σC is about a fator of 1.5 . . . 3 larger than the string tension σW extrated
from the Wilson loop, in agreement with the analyti result [111℄ that the Coulomb string
tension is an upper bound to the Wilson loop string tension. Setting σC = σW therefore
yields a small quantitative error. However, the qualitative features of the results shown in
Figs. 3.1 and 3.2 are reliable on the one hand, and they suessfully desribe the physial
nonperturbative phenomenon of onnement on the other. Quarks are onned by a linearly
rising potential VC(r), and gluons are onned sine the dispersion relation ω(k) diverges for
k → 0, prohibiting the propagation of gluons over large distanes.
The numerial onrmation of the infrared behavior predited by the analytial alulations
in the stohasti vauum, see hapter 2, deserves the following two omments. Firstly, among
the full struture of the gap equation (3.54), the infrared leading ontributions were obviously
already aounted for by the stohasti vauum. Fig. 3.1 learly shows that the urvature
χ(k), by whih the gluon propagator in the stohasti vauum is expressed over the entire
momentum range, is the infrared asymptoti funtion of the (inverse) gluon propagator ω(k).
In retrospet, these ndings may be understood as a onrmation of the GribovZwanziger
senario. The seond omment is more a mathematial one. Given the full struture of the
DSEs, how an an asymptoti solution be obtained analytially? We make power law ansätze
for the infrared behavior and, knowing that in the UV they are not valid, we use them for
integrating the propagators over the entire momentum range. This method was rst used in
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Figure 3.2: Left: The ghost form fator d(k). Right: The heavy quark
Coulomb potential VC(r).
Landau gauge DSE studies in Ref. [107℄ and later led to the now aepted infrared exponents
by the alulations in Refs. [97, 102℄. From the experiene with the numerial evaluation of
integrals, this proedure seems aeptable, but a justiation would be desirable. In Ref. [54℄
some arguments are given why infrared asymptotis may be omputed in the way mentioned
above. A sketh of a proof was given in the ontext of the infrared integral approximation in
Ref. [103℄. It is also worth mentioning the useful referene [129℄ in the ontext of asymptoti
expansions. Here, we give a short and rather obvious explanation why the method is orret.
It follows from the Riemann-Lebesgue lemma that onvolution integrals C(k) of the type
C(k) =
∫
dq D1(q)D2(q − k) =
∫
dq
∫
dx
∫
dy D˜1(x)D˜2(y) e
−iqx−i(q−k)y
=
∫
dx D˜1(x)D˜2(−x) e−ikx (3.59)
asymptotially approah the funtion Cas(k) obtained by replaing in the integrand the in-
frared asymptoti funtions Dasi (k) = limk→0Di(k) and D˜
as
i (x) = limx→∞ D˜i(x) (i = 1, 2),
Cas(k) = lim
k→0
C(k) =
∫
dx D˜as1 (x)D˜
as
2 (−x) e−ikx
=
∫
dq Das1 (q)D
as
2 (q − k) . (3.60)
This argument an be applied to the (renormalized) DSEs. Replaing the salar produts from
the Lorentz struture by identities suh as 2ℓ · k = k2+ ℓ2− (ℓ− k)2, all (one-loop) DSEs turn
into a sum of onvolution integrals of the type C(k) given in Eq. (3.59).
Reently, there have been investigations of Coulomb gauge Green funtions on the lattie
[131, 128, 70℄. In Fig. 3.3, the lattie data for the ghost propagator and the inverse gluon
propagator are shown in omparison to the ontinuum solutions. The qualitative infrared
enhanement of the ghost propagator is reprodued by the lattie alulations. At the same
time, the gluon form fator ω(k) seems to be infrared enhaned as well. It is diult to extrat
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Figure 3.3: Ghost propagator [130℄ and inverse gluon propagator [70℄
from lattie alulations, in omparison to the ontinuum results in the
Hamiltonian approah.
74
3.5. Verties
reliable data for the infrared setor on the lattie. Yet, the lattie data for the Coulomb gauge
gluon propagator of Ref. [131℄ gives κ ≈ 0.49, in agreement with the ontinuum result. In the
ultraviolet the striking feature of Fig. 3.3 is that the lattie data for the funtion ω(k) rise
stronger than linearly. This might atually be an indiation that the ultraviolet properties of
the ontinuum solutions need to be improved. We will ome bak to that in setion 4.3.
Finally, let us mention that in 2 + 1 dimensional Coulomb gauge YM theory, numerial on-
tinuum results from the Coulomb gauge Hamiltonian approah were reently obtained in Ref.
[132℄. Similarly to the d = 3 ase, it is found that all form fators are infrared enhaned,
with infrared exponents that approximately agree with κ = 15 , the value given in Table 2.1 for
d = 2.
3.5 Verties
The energy density that was minimized in the previous setion to give rise to the vauum Green
funtions was shown to be rather insensitive to the hoie of the wave funtional, aording
to the disussion in setion 3.1. The three-gluon vertex we are turning to in this setion will
show a strong dependene on the wave funtional, in partiular on the exponent λ of the
FaddeevPopov determinant. Knowing the infrared behavior of the three-gluon vertex, it will
be possible to further investigate the ghost-gluon vertex in the infrared.
Three-gluon vertex
As pointed out above, it is only the FaddeevPopov determinant that inuenes the infrared
behavior of YangMills theory. The solution obtained for the infrared exponents of the propa-
gators was found to be independent of the three-gluon vertex, in partiular, sine it ontributes
to neither the ghost self-energy term nor the ghost loop ontribution to the gluon self-energy.
In the Coulomb gauge, we have seen that any of the vaua Ψλ[A] given by Eq. (3.1) minimizes
the energy w.r.t. λ, evaluated to one-loop order in the DSE (two-loop order in the diagrams for
the energy). The question is how the three-gluon vertex hanges in the infrared for dierent
values of λ without resorting to the one-loop approximation.
The full three-gluon vertex is dened as
(Γ
full
)abcijk(x, y, z) =
〈
Aai (x)A
b
j(y)A
c
k(z)
〉
. (3.61)
In the partiular ase of λ = 1/2 it is found that∫
DAAiAjAk e−
R
AωA = 0 (3.62)
in a symmetri integration domain. Leaving aside a disussion whether the Gribov region Ω
is symmetri about A = 0, we here extend the integration domain to the whole gauge-xed
onguration spae, for pratial purposes. Hene, the three-gluon vertex vanishes for ψ1/2
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= −2 +
1
Figure 3.4: The (omplete) DSE for the three-gluon vertex derived from
the generating funtional given in Eq. (3.2).
[83℄. Now onsider the ase λ 6= 1/2. To one-loop order in the gap equation we may employ
the form (3.14) for the generating funtional Zλ[j]. The three-gluon vertex then vanishes for
any λ sine the weighting of path integration remains in a Gaussian form.
On the other hand, without the use of the one-loop approximation, λ 6= 1/2 will give a non-
zero three-gluon vertex, in ontrast to Eq. (3.62), as will be shown. Thus, the three-gluon
vertex shows great sensitivity to the hoie of the vauum wave funtional ψλ, a behavior not
exhibited to one-loop order. Making the hoie λ = 0 permits the standard representation of
the FaddeevPopov determinant by ghosts. One an then derive [103℄ the DysonShwinger
equation for the Coulomb gauge three-gluon vertex. It is depited diagrammatially in Fig. 3.4.
Its omplete form omprises a diagram with the unknown two-ghost-two-gluon vertex whih
is trunated here. For the following alulation, the ghost-gluon vertex is used at tree-level.
The DSE for the proper three-gluon vertex then reads [103℄
Γijk(k1, k2, k3) = Nc
∫
d¯dℓ DG(ℓ)DG(ℓ+ k1)DG(ℓ− k2)Γ0i (ℓ)Γ0j (ℓ− k2)Γ0k(ℓ+ k1) , (3.63)
where the outgoing momenta ki obey the onservation law
k1 + k2 + k3 = 0 . (3.64)
The vertex given by Eq. (3.63) is projeted onto the tensor subspae spanned by the tensor
omponents of the tree-level vertex. Due to Bose symmetry, the oeient funtions of these
six omponents are all the same, but their signs alternate as the vertex without the olor
struture is antisymmetri under gluon exhange. One nds
Γijk(k1, k2, k3) =− i(k2)iδjkF (k22 , k21 , k23) + i(k3)iδjk F (k23 , k21 , k22)
+ i(k1)jδikF (k
2
1 , k
2
2 , k
2
3) − i(k3)jδik F (k23 , k22 , k21)
− i(k1)kδijF (k21 , k23 , k22) + i(k2)kδij F (k22 , k23 , k21) .
(3.65)
Equating Eq. (3.63) with (3.65) and ontrating with these six tensors, yields a set of six linear
equations for F , the solution of whih reads
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Figure 3.5: Calulation by M. Leder, published in [103℄. Dressing fun-
tion of the Coulomb gauge proper three-gluon vertex at the symmetri
point. The dashed urve shows in ontrast the perturbative ase where
the propagators in the loop are tree-level, i.e. κ = 0.
F (k21 , k
2
2 , k
2
3) =
−Nc
10(k21k
2
2 − (k1 · k2)2)
∫
d¯dℓ DG(ℓ)DG(k3 + ℓ)DG(ℓ− k2)(
(k21 + k1 · k2)(−2J2 − J4 + 3J5) + (k22 + k1 · k2)(2J1 − 3J3 + J6)
)
(3.66)
where
J1 :=(k1 · ℓ)ℓ2 J2 :=(k2 · ℓ)ℓ2 J3 :=(k2 · ℓ)(k1 · ℓ)
J4 :=k
2
2ℓ
2 J5 :=(k2 · ℓ)2 J6 :=(k1 · k2)ℓ2 .
(3.67)
The integral (3.66) depends only on the ghost propagator in this trunation, and despite the
infrared enhanement of the latter it is onvergent. The numerial alulation of the form fator
F at the symmetri point, where k21 = k
2
2 = k
2
3 =: k
2
, shows a strong infrared enhanement, see
Fig. 3.5. For the ghost propagator we used the numerial results of Ref. [83℄ where κ = 0.425.
A t to the data in Fig. 3.5 yields an infrared power law, F (k2) ∼ (k2)−1.77. It is lear from the
disussion on page 72 that this asymptoti power law an be obtained analytially. Replaing
the integrand in Eq. (3.66) by its infrared behavior and shifting ℓ → λℓ, one nds from the
homogeneity that F (k2) ∼ (k2)d/2−2−3κ. Plugging in the value κ = 0.425 gives an infrared
exponent of −1.775 whih agrees (within errors) with the numerial result in Fig. 3.5. At large
momenta the vertex vanishes whih omplies with asymptoti freedom sine in the Gaussian
vauum there is no tree-level vertex.
The above results for the infrared behavior of the Coulomb gauge three-gluon vertex an be
generalized to any value of κ and any dimension d. Therefore, we an also make statements
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d κ F (k2)
3 0.398 1
(k2)1.775
3 12
1
(k2)2
4 0.595 1
(k2)1.785
Table 3.1: Infrared power laws of the funtion F (k2).
about the Landau gauge where d represents the dimension of Eulidean spaetime. Noting
that d/2− 2− 3κ = αA − αG, see Eq. (2.54), we nd
F (k2) ∼ 1
(k2)αG−αA
. (3.68)
With the analytial results for κ in Coulomb (d = 3) as well as in Landau (d = 4) gauge,
the exponents in Eq. (3.68) have the numerial values shown in Table 3.1. The Landau gauge
result agrees exatly with Ref. [133℄.
Another interesting kinemati point is where one of the gluon momenta, say k1, is set to zero
while the others remain nite. A tehnial remark: we swith here to the o-shell gauge
ondition. Thus, no ambiguities are found when trying to evaluate transverse projetors at
zero momentum. Another tehnial problem is the following. Trying to alulate the vertex
with one momentum vanishing from Eq. (3.65) by setting k1 = 0, the projetions onto the
tensor omponents fail beause the determinant of the oeient matrix that denes the
tensor expansion vanishes in this ase.
6
It is advisory to impose k1 = 0 in the DSE (3.63),
Γijk(0, k,−k) = −ig3Nc
∫
d¯dℓ ℓi(ℓ− k)jℓkD2G(ℓ)DG(ℓ− k) . (3.69)
One an then realize that this integral exists. It an be expanded into a tensor basis on-
struted by the only sale k and Lorentz invariant tensors, i.e. {kiδjk, kjδki, kkδij}. However,
the only omponent that survives the transverse projetions of the gluon legs of Γijk with nite
momenta, is obviously kiδjk. Thus, we an write
Γijk(0, k,−k) = −ig3Nckiδjk 1
(d− 1)k2 kmtnp(k)
∫
d¯dℓ ℓmℓnℓkD
2
G(ℓ)DG(ℓ− k) + . . . (3.70)
6
In this ontext, one might note that the infrared limit of any tensor integral is non-trivial. Given an integral
Iµ1µ2...µM ({k(i)}) =
Z
d¯dℓ ℓµ1ℓµ2 . . . ℓµM f(ℓ, {k(i)})
we an onstrut a tensor basis from the external sales {k(i)} and Lorentz invariant tensors. Aording to the
PassarinoVeltman formalism [112℄, the above integral an then be expanded in this basis, whih is nothing but
solving a set of linear equations for the expansion oeients in this basis. If one sets up a tensor expansion
for nite {k(i)} and then tries to perform the infrared limit of a single external momentum, say k(k) → 0, the
oeient matrix beomes singular, and the tensor expansion is not well-dened. Instead, one an set k(k) = 0
from the beginning (if the integral exists here) and onstrut the tensor basis spanning a vetor spae whih is
of a lower dimension than beforehand. The expansion oeients are then well-dened.
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where the ellipsis represents irrelevant tensor omponents whih shall be disarded heneforth.
In the asymptoti infrared, we use the power laws (2.50) for the propagators and obtain from
Eq. (3.70)
Γijk(0, k,−k) = −ig3B3Nckiδjk I3
(k2)αG−αA
, k → 0 (3.71)
with
I3 = =
(k2)αG−αZ
d− 1
(
Ξ1(1 + 2κ, 1 + κ)− Ξ3(2 + 2κ, 1 + κ)/k2
)
=
1
2(4π)d/2(d− 1)
Γ(d2 − 2κ)Γ(d2 − κ)Γ(2− d2 + 3κ)
Γ(d− 3κ)Γ(1 + κ)Γ(2 + 2κ) . (3.72)
In view of the strong infrared divergene of the three-gluon vertex, one has to hek the ghost
dominane in the propagator DSEs. The infrared power law of the three-gluon vertex (3.68),
expresses that the vertex dressing replaes the infrared exponent of a gluon by that of a ghost
propagator, for any dimension d. The infrared hierarhy of terms in the gluon DSE remains
untouhed, sine even with the dressing of the three-gluon vertex, terms involving it remain
subleading to the ghost-loop in the infrared. E.g., the gluon loop, whih has an infrared
exponent of d/2 − 2 − 2αA with a tree-level three-gluon vertex, attains an infrared power
law with the exponent d/2 − 2 − αA − αG if the vertex is dressed. Clearly, this term is still
subleading w.r.t. the ghost loop whih bears an infrared exponent of d/2 − 2 − 2αG. In the
Landau gauge, the infrared hierarhy was heked systematially by a skeleton expansion in
Ref. [133℄.
Ghost-gluon vertex
The ghost-gluon vertex is investigated here with fous on the (o-shell) Landau gauge. The
reason is that in this gauge the orresponding DSE is available from Ref. [93℄. In the Coulomb
gauge, with the hoie λ = 0 for the wave funtional Ψλ[A], the derivation of the DSE should
be straightforward, albeit tedious, and tehnially equivalent to the three-gluon vertex.
Sine neither the DSE studies [93℄ nor the lattie alulations [98, 99, 100℄ show any infrared
divergenes, the dressing funtion of the ghost-gluon vertex must be some nite funtion. To
investigate the onsequenes of a nite dressing funtion of the ghost-gluon vertex, let us
assume, for simpliity, that it is given by a nite onstant,
Γµ(k; q, p) = C0Γ
0
µ(q) , (3.73)
The onstant C0 an be determined by self-onsistently solving the DSE for the ghost-gluon
vertex in the infrared gluon limit, see setion 2.6, where Γ0µ(q) = igqµ is the tree-level ghost-
gluon vertex. Then, the infrared analysis of the propagators an be performed in the same
way as above. The ghost self-energy and the ghost loop are both multiplied by the onstant
C0. After evaluation of the integrals, this onstant appears on both sides of the equation
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C0IG = C0IA, f. Eq. (2.61), and thus trivially anels. Therefore, a onstant dressing of the
ghost-gluon vertex is ompletely irrelevant for the infrared behavior of the propagators.
The question that arises is if a non-onstant dressing of the ghost-gluon vertex might result in
a hange for the determining equation (2.61) of κ. The investigations in Ref. [93℄ showed that
after one iteration step of the ghost-gluon vertex DSE, the vertex remains approximately tree-
level over the whole momentum range, i.e. C0 ≈ 1. Also, the results in Ref. [93℄ onrmed that
for vanishing inoming ghost momentum p, the ghost-vertex beomes tree-level in the Landau
gauge
7
, see Eq. (2.41). Realling the disussion in setion 2.5, this is expeted to hold true
in the Coulomb gauge. If we disard the irrelevant omponent of the vertex along the gluon
momentum k, Γµ(k; q, p) also beomes tree-level for vanishing outgoing ghost momentum q
[97, 134℄, i.e.
lim
p→0
Γµ(k; q, p) = lim
q→0
Γµ(k; q, p) = Γ
0
µ(q) . (3.74)
However, the infrared limits of the ghost and gluon momenta are generally not interhangeable
In partiular, zero gluon momentum yields a dressing that is dierent from unity, although
quite lose to it, as we will see. The following relation shall dene C,
C Γ0µ(q) ≡ lim
p→0
(
lim
k→0
Γµ(k; q, p)
)
6= lim
k→0
(
lim
p→0
Γµ(k; q, p)
)
= Γ0µ(q) , q → 0 . (3.75)
Does C 6= 1 or a non-onstant C aet the value for the infrared exponent κ? To see this, it is
not neessary to get involved in a numerial alulation but we an argue qualitatively instead.
Consider any loop integral that involves the ghost-gluon vertex. Wherever it may appear in the
loop diagram, the ghost-gluon vertex is always attahed to ghost propagators. The integrand
will be strongly enhaned for those loop momenta where the ghost propagator diverges, i.e. for
p→ 0. Sine the gluon propagator, on the other hand, is nite for all momenta, any infrared
singularities in the integrand of the loop integral an atually be due to the ghost propagator
only. The ghost-gluon vertex does not introdue any additional singularities, sine its dressing
funtion is nite. For the value of the integral, the singularities in the integrand will give the
dominant ontribution. The only value of the dressing funtion of the ghost-gluon vertex that
is relevant to the integral, is then the one where any of the ghost momenta vanish. Aording
to Eq. (3.74), the vertex is tree-level in these limits. We an therefore infer that in any loop
integral the tree-level ghost-gluon vertex will yield the orret result. This irumstane an
thus be traed bak to the horizon ondition and the transversality of the gluon propagator.
In Ref. [97℄, infrared divergent dressing funtions of the ghost-gluon vertex were employed and
it was shown that κ does not vary muh.
Nevertheless, the onstant C, dened by Eq. (3.75) is not entirely meaningless sine the in-
trodution of a running oupling, see hapter 4 below, makes use of it. One an atually
analytially alulate C by means of the DSE for the ghost-gluon vertex [93℄, see Fig. 3.6,
7
This agrees with the orresponding SlavnovTaylor identity in the Landau gauge.
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↑ k
p q
= + +
1
Figure 3.6: The (trunated) DysonShwinger equation for the ghost-
gluon vertex.
Γµ(k; q, p) = Γ
0
µ(q) + Γ
(GGA)
µ (k; q, p) + Γ
(GAA)
µ (k; q, p) . (3.76)
Here, Γ
(GGA)
µ is a graph with two full ghost and one full gluon propagator in the loop,
Γ(GGA)µ (k; q, p) = −
Nc
2
∫
d¯dℓ Γ0α(−ℓ)Dαβ(ℓ− q)Γβ(q − ℓ;−p,−ℓ− k)
DG(ℓ+ k)Γµ(k; ℓ, ℓ + k)DG(ℓ)qαtαβ(ℓ− q)(ℓ+ k)βℓµ , (3.77)
and Γ
(GAA)
µ has two gluon and one ghost propagator in the loop, but involves a proper redued
three-gluon vertex Γµνρ,
Γ(GAA)µ (k; q, p) = −
Nc
2
∫
d¯dℓ Γ0α(q)DG(ℓ− q)Γβ(ℓ+ k; q − ℓ, p)
Dβρ(ℓ+ k)Γµνρ(k; ℓ,−ℓ− k)Dνα(ℓ) . (3.78)
Comparing Eq. (3.76) and Eq. (2.39), the four-point funtion Γµν(k, ℓ; q, p) used in setion 2.5
an be expanded to yield the two graphs Γ
(GGA)
µ and Γ
(GAA)
µ , as well as a proper four-point
funtion omitted here. For further details, see Ref. [93℄.
Sine Γµ(k; q, p) exists in the limit k → 0 [93, 98, 99℄, we set k = 0 in the integrands whih
greatly simplies the tensor struture of Eqs. (3.77) and (3.78). Furthermore, the proper ghost-
gluon verties that appear in the loop integrals are rendered tree-level, as disussed above. We
then get
Γ(GGA)µ (0; q, q) = ig
3C
Nc
2
∫
d¯dℓ ℓαDαβ(ℓ− q)qβℓµD2G(ℓ) , (3.79)
and
Γ(GAA)µ (0; q, q) = g
2Nc
2
∫
d¯dℓ qαqβDαν(ℓ)Dβρ(ℓ)DG(ℓ− q)Γµνρ(0; ℓ,−ℓ) . (3.80)
Naively, we would expet from ghost dominane in the infrared that the ontribution (3.80) is
subdominant sine it inorporates only one and not two ghost propagators, like (3.79). Using a
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d κ C
3 0.398 1.089
3 12 1
4 0.595 1.108
Table 3.2: Solution for the infrared dressing C of the ghost-gluon vertex.
tree-level three-gluon vertex, we an alulate both integrals for q → 0 in the infrared integral
approximation and indeed nd that the graph (3.80) beomes negligible. If the dressed three-
gluon vertex (3.71) is inluded, the graph (3.80) has a substantial ontribution to this limit
of the ghost-gluon vertex. The alulation is then somewhat more involved and deferred to
appendix C, but one an extrat from it the value of C solving the infrared limit of the DSE
(3.76) self-onsistently. For the various solutions of κ found in hapter 2.6, the numerial
values of C are shown in Table 3.2.8
It is quite remarkable that in the Coulomb gauge with the solution κ = 12 , the two non-trivial
graphs that appear in the DSE for the ghost-gluon vertex show an exat mutual anellation
in the infrared gluon limit,
lim
q→0
lim
k→0


↑ k
p q
+
↑ k
p q


= 0 ,
1
(3.81)
so that the orretions to tree-level vanish and C = 1. Therefore, the interhangeability of
limits is reovered in this ase only and the ghost-gluon vertex beomes tree-level in all infrared
limits.
9
For other values of κ and d, the ghost-gluon vertex is not regular in the infrared. It
must be granted that the omission of the four-point funtion in the vertex DSE spoils the
argument. A skeleton expansion of the omitted objet would be an interesting projet. The
original derivation of the Landau gauge solution for κ in Ref. [97℄ relied on the regularity of
the ghost-gluon vertex in the infrared. Their result κ = 0.595 for d = 4 does not produe a
regular ghost-gluon vertex though, the infrared limits are not interhangeable. As long as the
omitted four-point funtion has no eet, this would ontradit the working hypothesis of Ref.
[97℄.
8
Note that the results (3.2) are independent of Nc. The olor trae that ours in the loop diagrams of Eq.
(3.76) yields a fator of Nc/2, see Eqs. (3.77) and (3.78), but it anels with the propagator oeient term
g2AB2 = 1/(IGNc).
9
An extension to ghost-antighost symmetri Landau gauge is straightforward and is seen not to alter the
results for C.
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3.6 Coulomb form fator
The suess of nding a linear heavy quark potential VC(r → ∞) ∼ r in the Coulomb gauge
Hamiltonian approah relies on the approximation made for the expetation value 〈F 〉, see
setion 2.7. The Coulomb form fator f(k) was dened by Eq. (3.24),
f(k) =
〈F 〉 (k)
k2D2G(k)
, (3.82)
and here we try and assess the fatorization 〈F 〉 = k2D2G(k), i.e. f(k) = 1. To this end, we
employ the operator identity
F =
∂
∂g
(gG) (3.83)
whih follows easily from g∂G−1/∂g = G−1−G−10 . We refer to the interesting relation (3.83),
rst written down in Ref. [135℄, as the Marrero-Swift relation. Taking the expetation value
of (3.83) in the Gaussian vauum and negleting ontributions of
∂ω
∂g ,
f(k) = −g
2
k2
∂
∂g
1
gDG(k)
. (3.84)
Plugging the ghost DSE (2.48) into Eq. (3.84), an integral equation for f(k) is derived,
f(k) = −g
2
k2
∂
∂g
(
k2
g
−Nck2
∫
d¯dℓ
(
1− (ℓˆ · kˆ)2
)
DA(ℓ)(gDG(ℓ− k))
)
(3.85)
= 1 + g2Nc
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
)
DA(ℓ)D
2
G(ℓ− k)f(ℓ− k)(ℓ− k)2 (3.86)
whih agrees with the DSE (3.30) for f(k) displayed above. With a power law ansatz for f(k)
in the infrared,
f(k) =
Cf
(k2)αf
, k → 0 , αf > 0 , (3.87)
we now aim at a solution of the Coulomb form fator DSE (3.86). For k → 0, one nds
(k2)−αf = (k2)−αf g2AB2NcIf (κ, αf ) (3.88)
where
If (κ, αf ) =
(d− 1)κ
(4π)d/2
Γ (αf ) Γ (2κ) Γ (d/2 − 2κ− 2αf )
Γ (d/2− 2κ) Γ (d/2− αf + 1) Γ (αf + 2κ+ 1) . (3.89)
From Eq. (3.88) we an see that
g2AB2NcIf (κ, αf ) = 1 (3.90)
has to be fullled. The above relation from the Coulomb form fator DSE an now be plugged
into the oeient rule (2.60) from the ghost DSE to nd
IG(κ) = If (κ, αF ). (3.91)
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We now speify the spatial dimension d. For d = 3, Eq. (3.91) yields
1 =
(−1 + 2κ) cos(π (αf + 2κ)) Γ(4 − 2αf ) Γ(−2κ) Γ(1 + 2αf + 4κ) sin(π αf )
π (−1 + αf ) (3 + 2κ) (−1 + 2αf + 4κ) Γ(2 + 2κ) . (3.92)
The numerial solution to this equation gives κ as a funtion of αf , as shown in Fig. 3.7. One
an see immediately that for any value of αf , the ghost exponent κ yields
κ <
1
4
. (3.93)
Therefore, realling the results for κ in Table 2.1, there exists no value of αf for whih all three
DSEs are satised.
It is instrutive to fous on the ase where
αf + 2κ = 1 (3.94)
sine this leads diretly to a linearly rising potential for stati quarks. Plugging this onstraint
into Eq. (3.92), we nd
1 =
−2κ (3 + 2κ) cos(2π κ) Γ(−1 − 4κ) Γ(1 + 2κ)
(−1 + 2κ) Γ(−1− 2κ) (3.95)
whih has the numerial solution κ = 0.245227. Surprisingly, this result is exatly agreed upon
by lattie alulations [128℄, where κ = 0.245(5) was found. However, one should notie that
the lattie alulations arried out so far in Coulomb gauge and also in Landau gauge use too
small latties to give reliable results in the infrared.
In 2 + 1 dimensional Coulomb gauge, the alulations are equivalent. From a simultaneous
treatment of the ghost DSE and the gluon DSE we nd from the stohasti vauum results in
setion 2.6 a unique solution for the ghost exponent [102℄,
κ =
1
5
. (3.96)
Note that with angular approximation the result is κ = 1/4. In a reent publiation [132℄, the
value (3.96) for κ was onrmed numerially. On the other hand, if we onsider only the ghost
DSE and the equation for the Coulomb form fator for d = 2, one gets by enforement of the
ondition Eq. (3.91):
Γ(αf ) Γ(1− αf − 2κ) Γ(κ) Γ(2 + κ)
Γ(2− αf ) Γ(−κ)2 Γ(1 + αf + 2κ)
= 1 . (3.97)
The numerial solution is shown in Fig. 3.8. If we require the potential to be linearly rising, the
solution has to obey αf + 2κ =
1
2 . Eq. (3.97) then leads to the numerial value of κ = 0.138.
Lattie results do not agree with this value [136℄, although they do for 3 + 1 dimensions.
It is interesting to note that, leaving the DSE for ω aside, a restrition on the infrared exponents
(3.93) arises from self-onsisteny of the equations for d and f only. This restrition also
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Figure 3.7: The ghost exponent κ as a funtion of αf is shown by a solid
line for 3 + 1 dimensions. A dashed line indiates the values for whih a
linear potential will arise.
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Figure 3.8: Same as Fig. 3.7, here in 2 + 1 dimensions.
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onerns the infrared behavior of ω via the sum rule (2.54). Consider a xed wave funtional
with a kernel ω that yields κ > 14 by its infrared behavior. In priniple, it should be possible to
alulate d and f for suh a wave funtional. However, due to the restrition (3.93), no solution
an be found. We therefore onlude that the Eq. (3.93) must be due to the approximations
made in the DSEs for d and f . The relaxation of the horizon ondition allows for a self-
onsistent solution of all DSEs where ω(k), χ(k), f(k) and d(k) are infrared nite. This will
be shown in setion 3.7. However, we onsider the infrared enhanement, of d(k) in partiular,
as the driving mehanism in the GribovZwanziger onnement senario. Therefore, we infer
from the above disussion that the DSE for f(k), as it stands in Eq. (3.86), along with the
resulting restrition (3.93) on κ, must be ignored.
Let us reonsider the Marrero-Swift relation (3.83) with fous on the neglet of
∂ω
∂g . In the
infrared limit, the ghost propagator beomes independent of the gauge oupling g, as seen in
the stohasti vauum,
∂
∂g
〈G〉 = ∂
∂g
∫ DAG[gA] DetG−1[gA]∫ DA DetG−1[gA]
=
∂
∂g
∫ DA′G[A′] DetG−1[A′]∫ DA′ DetG−1[A′] = 0 , (3.98)
where in Eq. (3.98) the notation reads G−1[gA] = −∂2 − gAˆ∂. Using the above relation and
taking a derivative ∂/∂g of the ghost DSE (2.48) yields
0 = −Nck2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
)
DG(ℓ− k) ∂
∂g
(
g2DA(ℓ)
) 6= 0 . (3.99)
Negleting
∂DA
∂g , one must run into ontraditions. In the expetation value of the Marrero-
Swift relation (3.83), the negleted terms an be arried along for the stohasti vauum to
give
∂
∂g
〈gG〉 = ∂
∂g
∫
DAgG[A]J [A]∫ DAJ [A]
=
∫ DAJ [A] ∂∂g (gG)∫ DAJ [A] +
∫ DAJ [A]∂ lnJ∂g gG∫ DAJ [A] −
∫ DAJ [A] gG∫ DAJ [A]
∫ DAJ [A]∂ lnJ∂g∫ DAJ [A]
= 〈F 〉+
〈
gG
∂ lnJ
∂g
〉
− 〈gG〉
〈
∂ lnJ
∂g
〉
. (3.100)
There are two extra terms that were omitted in Eq. (3.84), having the mathematial struture
of a ovariane. This ovariane also ours in the Gaussian vauum. Sine with Eq. (3.98)
we have
∂
∂g 〈gG〉 = 〈G〉, the ovariane anels the Coulomb propagator 〈F 〉 on the r.h.s. of
Eq. (3.100) in favor of a ghost propagator 〈G〉,
〈F 〉+
〈
∂ lnJ
∂g
gG
〉
− 〈gG〉
〈
∂ lnJ
∂g
〉
= 〈G〉 . (3.101)
The derivation of the Coulomb form fator DSE (3.86) would therefore fail if the approximation
∂ω
∂g ≈ 0 was relaxed. This does not mean that the DSE (3.86) is wrong within the hosen
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Figure 3.9: Left: The subritial ghost form fator d(k). Right: The
Coulomb form fator f(k). Calulated by D. Epple in Ref. [120℄.
approximation sheme. Applying Wik's theorem to derive an integral equation for f(k) in
the one-loop approximation also leads to Eq. (3.86). However, the above onsiderations do
show that, for the asymptoti infrared, the DSE (3.86) for f(k) desribes a higher-order eet.
On the level of approximations used, we nd from Eqs. (3.84) and (3.98) that
f(k) =
1
k2D2G(k)
∂
∂g
(gDG)
k→0−→ 1
k2DG(k)
≡ 1
d(k)
. (3.102)
Plugging this into the Coulomb form fator DSE (3.30) yields
d−1(k) = 1 + g2
Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d(ℓ− k)
(ℓ− k)2ω(ℓ) , k → 0 (3.103)
whih expliitly ontradits the ghost DSE (3.29), note the plus sign. This ontradition is the
analogon of Eq. (3.99) for
∂DA
∂g = 0.
In onlusion, the quality of the approximation sheme must be improved in order to satisfy
the DSE for the Coulomb form fator. Vertex orretions, whih eetively inrement the loop
order, would be an interesting starting point in that diretion.
3.7 Subritial solutions
Although it was argued above that in the hosen approximation sheme, the DSE (3.86) for the
Coulomb form fator f(k) should be ignored, we here relax the horizon ondition to still nd
a solution to all DSEs. The renormalization parameter d−10 := d
−1(µd = 0) distinguishes the
subritial solutions for d−10 > 0 and the ritial ones for d
−1
0 = 0. The subritial form fators
d(k) and f(k), the gap funtion ω(k), and the urvature χ(k) are all infrared nite funtions,
as the numerial alulation shows [120℄. In Fig. 3.9, the funtions d(k) and f(k) are shown for
d−10 = 0.1 and d
−1
0 = 0.027. The funtions ω(k) and χ(k) are shown in a ommon plot in Fig.
3.10, for several values of d−10 . These funtions solve their respetive DSEs self-onsistently.
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Figure 3.10: Left: The gluon energy ω(k) and the modulus of the salar
urvature, |χ(k)|, in the subritial ase. Note that χ(k) hanges sign at
k = 1. Internal units are used. Right: The heavy quark potential VC(r)
for the subritial solutions and a linear t for the intermediate regime.
Calulated by D. Epple in Ref. [120℄.
The DSE (3.86) for f(k) is solved as well for subritial d−10 . Lowering the value of d
−1
0 , the
solutions are seen to break down. The smallest possible value for whih all DSEs are solved
self-onsistently with positive d(k) and f(k) was found to be d−10 ≈ 0.02. In the numerial
alulations, the other renormalization parameters were hosen suh that χ(µ = 1) = 0 and
f(µ = 1) = 1. With the subritial solutions so obtained, one may alulate the heavy quark
potential VC(r), as shown in Fig. 3.10. For intermediate quark separation r, the potential
VC(r) is approximately linear; tting the slope to the lattie string tension, r is found to be in
the range of hadroni phenomenology. However, for r →∞, the heavy quark potential beomes
questionable sine permanent onnement is lost for the subritial solutions. In addition, the
running oupling α(k) vanishes in the infrared, as seen in the forthoming hapter. Altogether,
the impliations of the subritial solutions for the infrared physis are not ompatible with
Coulomb onnement. This indiates that the horizon ondition must not be abandoned.
Despite the inonsisteny in the DSE for f(k), whih is due to higher-order eets, we favor
the solutions with ritial d−10 = 0, i.e. with the horizon ondition implemented where the
funtions ω(k), χ(k) and d(k) are infrared enhaned.
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4 Running oupling and ultraviolet behavior
A quantitatively orret treatment of QCD, with the possibility to desribe phenomenologial
eets, needs to take into aount aurately its sale ΛQCD. In the absene of avor harges,
Nf = 0, this is the only sale of the theory. The value of ΛQCD an be related to the
perturbative expansion of the (GellMannLow) beta funtion,
β(g) =
∂g(µ)
∂ lnµ
= −β0g3 − β1g5 − β2g7 +O(g9) (4.1)
that desribes the dependene of the renormalized gauge oupling g on the renormalization
sale µ. Solving the dierential equation (4.1) with neglet of O(g5), the gauge oupling is
seen to diverge at the sale
ΛQCD = µ exp
(
− 1
2β0g2(µ)
)
. (4.2)
This breakdown of perturbation theory ours at a nite ΛQCD, if g
2(µ) > 0, giving rise to
dimensional transmutation of the dimensionless gauge oupling to the dimensionful energy
sale ΛQCD. The O(g3) oeient of the beta funtion (4.1), β0, is a gauge invariant quantity
that is alulated in perturbation theory to be
β0 =
1
(4π)2
11Nc
3
. (4.3)
Higher order oeients of the beta funtion were obtained in umbersome alulations [137,
138℄ and serve for an improved mathing of ΛQCD to experiment.
High-energy experiments are able to provide us with the sale ΛQCD immanent in QCD.
1
A
physial proess that involves measurable quantities, e.g. the mass of the Z boson, needs to be
desribed by theoretial alulations whih are then ompared to the experimental data. The
orresponding sattering matrix is omputed by means of perturbative QCD, preferably in a
ovariant gauge, in a ertain hosen renormalization sheme. As a result, the running oupling
α(k) =
g2(k)
4π
(4.4)
an be extrated for the momentum k of the given proess. For the mass MZ = 91.19GeV of
the Z boson, it is found that α(MZ) = 0.1187 in the MS sheme and by the extrapolation of
the perturbative α(k) into the infrared,2
α(µ) =
4π
β¯0 ln(µ2/Λ
2
QCD)
1− 2β¯1
β¯20
ln
[
ln(µ2/Λ2QCD)
]
ln(µ2/Λ2QCD)
+
4β¯21
β¯40 ln
2(µ2/Λ2QCD)
×
((
ln
[
ln(µ2/Λ2QCD)
]− 1
2
)2
+
β¯0β¯2
8β¯21
− 5
4
)]
, (4.5)
1
Estimates an also be obtained diretly by lattie simulations [139℄.
2
Various onventions exist for the denition of the β funtion and its oeients of the perturbative ex-
pansion. The barred symbols in Eq. (4.5) are related to those of Eq. (4.1) by β0 =
β¯0
(4pi)2
, β1 =
2β¯1
(4pi)4
and
β2 =
β¯2
2(4pi)6
.
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one nds ΛMS = 217MeV [140℄. They do, however, depend on the renormalization presrip-
tion, hene the subsript on ΛMS , as an artefat of perturbation theory. A hange in the
renormalization presription an in fat be ompensated for by a nite renormalization group
transformation. It is the trunation of the perturbative series that makes the running oupling
sheme dependent [141℄.
The variational solutions presented in the previous hapter only loosely aount for the ultra-
violet properties of the theory and it will be shown that the β funtion turns out to be slightly
inorret. The rst few oeients of the beta funtion, in partiular β0, reord inauraies of
the solutions and any observable is immensely sensitive to suh errors, as an be seen diretly
in Eq. (4.2). If the nonperturbative variational solutions are to give quantitatively sensible
results, they have to reprodue β0 with high auray. In this hapter, we rst reall the ruial
properties of the YM oupling onstant and then dene a nonperturbative running oupling
to ome by some information on how the Green funtions are to behave in the ultraviolet.
4.1 Anti-sreening of olor harges
An eet spei to the non-abelian nature of YM theory is the anti-sreening of olor harges.
The interation of two olor harges on a short distane an be treated by perturbation theory.
The perturbative orretions inrease the magnitude of the (renormalized) olor harges, i.e.
the potential is anti-sreened, ontrary to the abelian theory. Anti-sreening is a ruial
property of YM theory and intimately onneted to asymptoti freedom.
One may nd the potential between two olor harges by setting up a basis of states {|n〉}
in the absene of external harges, then turning on ρ
ext
, that is ρ = ρ
dyn
→ ρ
dyn
+ ρ
ext
, and
alulating the orretion to the potential energy EC to seond order in ρext,
3
EC =
=:E
(+)
C︷ ︸︸ ︷
g2B
2
∫
d3[xy] 〈0| ρa
ext
(x)F ab(x, y)ρb
ext
(y) |0〉 +
−g
2
B
2
∫
d3[xy]
∑
n
∣∣∣〈0| ρa
ext
(x)F ab(x, y)ρb
dyn
(y) |n〉
∣∣∣2
En︸ ︷︷ ︸
=:E
(−)
C
. (4.6)
The sreening vauum polarization is of ourse still present as the manifestly negative ontri-
bution E
(−)
C in (4.6). Its alulation in a perturbative expansion in the bare gauge oupling
gB to order O(g4B) is familiar from the vauum polarization in the abelian theory [2℄. To let
two point-like harges, ρa
ext
(x) as in (2.72), approah eah other from an innite separation
to r, the energy EC |∞ − EC |r =
∫
d¯3kVC(k) e
ik·r
is needed. The momentum spae potential
3
The FaddeevPopov determinants J are omitted sine they do not ontribute in the lowest-order pertur-
bation in gB .
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VC(k) = + −
1
Figure 4.1: Perturbative sreening and anti-sreening ontributions to
the olor Coulomb potential. The rst graph represents the usual
Coulomb interation, the seond graph shows the genuinely nonabelian
anti-sreening ontribution and the last graph orresponds to the usual
sreening term. These graphs are not Feynman diagrams.
VC(k) = V
(+)
C (k) + V
(−)
C (k) omprises the sreening ontribution
V
(−)
C (k) ≈
g2B
k2
(
− g
2
B
(4π)2
C2
3
ln
Λ2
k2
)
, (4.7)
where the ut-o Λ regularizes the UV divergene and the quadrati Casimir yields here for
SU (Nc) the value C2 = Nc. The sreening eet is, however, over-ompensated by the on-
tribution V
(+)
C (k). To see that, expand the non-abelian Coulomb operator around its abelian
part,
F ab(x, y) =
(
G0 + 2G0 gBAˆ∂ G0 + 3G0 gBAˆ∂ G0 gBAˆ∂ G0 +O(g3B)
)ab
(x, y) , (4.8)
and then take the expetation value, see e.g. Ref. [142℄, where the third term in (4.8) strength-
ens the potential,
V
(+)
C (k) =
g2B
k2
(
1 +
g2B
(4π)2
12C2
3
ln
Λ2
k2
)
. (4.9)
Note that in the abelian theory only the rst term in the perturbative expansion (4.8) ex-
ists, and thus V
(+)
C (k) = g
2
B/k
2
. The anti-sreening orretion in Eq. (4.9) is genuinely non-
abelian. In Fig. 4.1, the neatly separated sreening and anti-sreening ontributions are shown
diagrammatially. The net eet of the O(g4) ontributions inreases the potential between
stati SU (Nc) olor harges,
VC(k) =
g2B
k2
(
1 +
g2B
(4π)2
11Nc
3
ln
Λ2
k2
)
(4.10)
as rst demonstrated by Khriplovih for Nc = 2 [58℄. The net anti-sreening orretion to
the stati quark potential an be used to dene the renormalized oupling g(µ), with the
ambiguity in subtrating the divergene inherent in the renormalization sale µ. From the
so-dened g(µ), the β funtion may be alulated via Eq. (4.1), reproduing its Nobel-prize
awarded perturbative expansion (with the interpretation of asymptoti freedom [143, 144℄), as
shown in Refs. [62, 145℄.
If we wish to extrat orretly from the olor Coulomb potential the β funtion for the vari-
ational solutions of hapter 3, the form fators are to behave appropriately in the ultraviolet.
91
4. Running oupling and ultraviolet behavior
What exatly appropriately means will beome lear in the ourse of this hapter. For
starters, onsider the Coulomb potential
V
(var)
C (k) =
g2B
k2
d2(k)f(k) (4.11)
as the part of the energy in the variational state that depends on the separation of the harges,
see Eq. (2.74). The self-energies, whih only regulate infrared divergenes, are omitted. To
lowest order in the bare gauge oupling gB , d(k) = f(k) = 1. The O(g4B) term of Eq. (4.11)
an be found by expanding the DSEs for d (3.29) and for f (3.30) up to O(g2B), using the
lowest-order expression ω(k) = k,
d(k) = 1 + g2B
Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) 1
ℓ(ℓ− k)2 (4.12)
f(k) = 1 + g2B
Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) 1
ℓ(ℓ− k)2 (4.13)
Note that d(k) and f(k) have the idential perturbative O(g2B) expansion. Plugging these into
Eq. (4.11), yields three times the same O(g4B) term,
V
(var)
C (k) =
g2B
k2
(
1 + 3 · g2B
Nc
2
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) 1
ℓ(ℓ− k)2
)
+O(g6B) , (4.14)
f. the fator of 3 in the expansion of the non-abelian Coulomb operator (4.8). Regularized by
a UV ut-o Λ, the integral in Eq. (4.14) to O(g4B) gives
V
(var)
C (k) =
g2B
k2
(
1 +
g2B
(4π)2
12Nc
3
ln
Λ2
k2
)
, (4.15)
in agreement with Eq. (4.9). Note, however, that only the anti-sreening ontribution V
(+)
C (k)
is thus aounted for. Determining the state |Ψ〉 by the variational priniple in the absene
of olor harges and deriving the olor Coulomb potential VC(r) as a perturbation around
the vauum, neessitates that the sreening ontribution V
(−)
C (k) is arried along in the full
seond-order perturbative expression as in Eq. (4.6).
The renormalized oupling g is dened so as to render the expression for VC(k) nite, order
by order in perturbation theory. Deomposing an innite quantity into a nite and an innite
part always leaves an ambiguity that is ontrolled by the renormalization sale µ. Using
gB(Λ) = Zg(Λ, µ)g(µ) (4.16)
as the denition of the renormalized, µ-dependent g(µ), the expression V
(var)
C (k) in Eq. (4.15)
turns out nite up to O(g4) if the renormalization onstant is hosen as4
Zg(Λ, µ) = 1− 1
2
g2B
(4π)2
12Nc
3
ln
Λ2
µ2
. (4.17)
4
Swapping gB for g does not matter to the order onsidered.
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The β funtion, as dened by Eq. (4.1), an now be alulated from Eqs. (4.16) and (4.17) to
lowest order,
β(g) = − g
3
(4π)2
12Nc
3
. (4.18)
This result does not agree with the anonial value of β0, see Eq. (4.3), but it is lear why:
only the ontributions of longitudinal gluons were onsidered to order O(g4), the sreening
ontribution from transversal gluons was omitted. For the same reason, the perturbative
renormalization group alulation of the olor Coulomb potential [146℄ relates VC(k) to the
running oupling g2(k) by k2VC(k) = x0g
2(k) with x0 =
12
11 . In the next setions, we aim to
use a nonperturbative denition of the running oupling.
4.2 Nonperturbative running oupling
Sine the variational Coulomb gauge solution from hapter 3 is nonperturbative, we seek here
a nonperturbative denition of the running oupling in order to math α(MZ) = 0.1187 to our
solutions. In the Coulomb gauge, there are two possibilities for its denition, either via the olor
Coulomb potential, or by means of the ghost-gluon vertex [101℄. The nonrenormalization of
the ghost-gluon vertex has proven above to be a useful ommon property of both the Coulomb
and Landau gauge. Here, it is rst disussed how the Landau gauge ghost-gluon vertex may
dene a nonperturbative running oupling and afterwards we turn to the Coulomb gauge.
Landau gauge running oupling from ghost-gluon vertex
The loal o-shell formulation of Landau gauge YM theory allows for multipliative renor-
malization of the elds by the introdution of renormalization onstants Z(Λ, µ). Some of
these are related to one another by the fat that Zg, the renormalization onstant of the gauge
oupling, an be dened by any of the interation terms in the YM Lagrangian, namely the
ghost-gluon vertex, the quark-gluon vertex, the three- and the four-gluon vertex. The equality
of the gauge oupling for all these interations is expressed by the SlavnovTaylor identity
Z1
Z3
=
Z˜1
Z˜3
(4.19)
where Z1 = ZgZ
3/2
3 is the renormalization onstant of the three-gluon vertex, Z˜1 = ZgZ˜3Z
1/2
3
the one of the ghost-gluon vertex, while Z3 and Z˜3 renormalize gluon and ghost elds,
AB = Z
1/2
3 A , cB = Z˜
1/2
3 c , cB = Z˜
1/2
3 c . (4.20)
An unambiguous denition of the Z's requires renormalization presriptions. We dene the
theory at the sale µ by setting
DA(k = µ;µ) =
CA
k2
, DG(k = µ;µ) =
CG
k2
. (4.21)
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The nonrenormalization of the ghost-gluon vertex in Landau gauge infers that Z˜1 is a nite
number, independent of µ. Therefore the quantity
g2B(Λ)DA,B(k; Λ)D
2
G,B(k; Λ) = Z˜
2
1g
2(µ)DA(k;µ)D
2
G(k;µ) (4.22)
is nite, due to Z˜1 < ∞, and µ-independent, sine the l.h.s. in µ-independent. One may set
Z˜1 = 1 but any other nite number will also do in an appropriate renormalization presrip-
tion, reall setion 2.5. It is left arbitrary here. In the perturbative momentum subtration
sheme, the values CA = CG = 1 dene the renormalized quantities on the r.h.s. of Eq. (4.22).
Nonperturbative Green funtions might not allow for suh a simple subtration sheme. We
therefore generalize it [53℄ by setting
CAC
2
G = 1 . (4.23)
Other shemes an be aomplished by performing a nite renormalization, see below.
In Eq. (4.22), one may hoose µ freely. Leaving µ one unspeied and setting it one to µ = k
leads with (4.21) to a nonperturbative denition of the running oupling [53℄,
g2(k) = k6g2(µ)DA(k;µ)D
2
G(k;µ) . (4.24)
While the fators on the r.h.s. are µ-dependent, the running oupling g2(k) on the l.h.s. is
renormalization sale- and sheme independent. Note that the nite value Z˜1 drops out.
Applying a nite renormalization suh as A → z1/23 A, c → z˜1/23 c in order to disuss the ase
CAC
2
G 6= 1, the running oupling an be expressed by the transformed quantities,
g2(k) = Z˜21 k
6g2(µ)DA(k;µ)D
2
G(k;µ) . (4.25)
where we have set Z˜21z3z˜
2
3 → Z˜21 . Note that these simple salings are not renormalization
group transformations in the usual sense sine they do not depend on the sale µ. It will be
shown expliitly below that the (asymptoti) behavior of the running oupling is ignorant to
suh salings.
A dierent point of view is frequently found in the literature, see e.g. Ref. [124℄. One may
always absorb nite transformations by a transformation in g suh that Z˜21 = Z
2
gZ3Z˜
2
3 is left
unhanged (usually hosen to be unity). The running oupling (4.24) then stays form-invariant.
Here, we prefer to leave g unhanged and allow for a hange in Z˜1 and use Eq. (4.25) as the
running oupling.
Coulomb gauge running oupling from ghost-gluon vertex
A running oupling in Coulomb gauge may be dened in analogy to the Landau gauge from
the ghost-gluon vertex. The multipliative renormalization, however, is not as well-understood
in the Coulomb gauge. From within a lass of interpolating gauges where multipliative renor-
malization was disussed in Ref. [147℄, the Coulomb gauge limit may be taken, breaking the
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path for a denition similar to Eq. (4.25) in the Landau gauge [101℄. We adopt this denition
here.
Using the notation d(k) for the ghost form fator (3.23) and ω(k) for the equal-time gluon
propagator (3.5), both renormalized multipliatively,
dB(k; Λ) = Z˜3(Λ, µ)d(k;µ) , ωB(k,Λ) = Z3(Λ, µ)ω(k;µ) (4.26)
d(k = µ;µ) = Cd , ω(k = µ;µ) = Cωk , (4.27)
with C−1ω C
2
d = 1, we nd from the ghost-gluon vertex analogously to Eq. (4.22),
g2B(Λ)d
2
B(k; Λ)
1
2
ω−1B (k; Λ) = Z˜
2
1g
2(µ)d2(k;µ)
1
2
ω−1(k;µ) . (4.28)
Allowing for a hange in the renormalization presription, C−1ω C
2
d 6= 1, one may either absorb
it by a hange in g, or (as above) redene Z˜1. Aordingly to (4.25), the latter hoie leads
diretly to the running oupling
g2(k) = Z˜21 k g
2(µ) d2(k, µ) ω−1(k, µ) (4.29)
Note that k is here k = |k| and all interations are instantaneous.5 The running oupling
(4.29) was given in Ref. [101℄ with a prefator of
8
3 , hosen as to reover the Landau gauge
infrared limit from within the interpolating gauge. Aording to the disussion above, this
fator needs to be interpreted as Z˜21 =
8
3 .
Coulomb gauge running oupling from the olor Coulomb potential
Another renormalization group invariant that qualies to dene a nonperturbative running
oupling is the instantaneous olor Coulomb potential VC(k). It was shown in Ref. [72℄ that the
produt gA0 is a renormalization group invariant and in Ref. [146℄ how the quantity
〈
g2A0A0
〉
atually relates to VC(k). We may aordingly dene the running oupling in Coulomb gauge
also by
g2(k) =
11
12
g2(µ)k2VC(k;µ) , k = |k| . (4.30)
The fator of
11
12 aounts for the fat that VC(k) only omprises the anti-sreening ontribution
and over-emphasizes this eet. While in the ultraviolet the denition (4.30) is expeted to
agree with the denition (4.29) of the running oupling from the ghost-gluon vertex, the
infrared behavior turns out to disagree drastially. In view of the onning long-range part
of VC(k), the running oupling in Eq. (4.30) diverges for k → 0, a lear instane of infrared
slavery. On the other hand, the denition (4.29) will yield a running oupling that freezes in
the infrared, see below.
5
For equal times, the tree-level gluon propagator is D0A(k) =
1
2k
, see Eq. (3.31). Therefore, the denition
(4.29) is larger than in Landau gauge (4.25) by a fator of 2.
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4.3 Ultraviolet behavior of Green funtions
Given relations that express the running oupling in terms of the Green funtions nonpertur-
batively, one may extrat information on these Green funtions in the UV domain, where the
running oupling is known from perturbation theory. Solving the O(g3) expansion of the β
funtion (4.1) as a dierential equation for g2(k) yields for large k2 = kµk
µ
g2(k) =
1
β0 ln
k2
Λ2QCD
. (4.31)
The ultraviolet behavior of the nonperturbative propagators has to be suh that the non-
perturbative running ouplings dened in setion 4.2 approah the funtion (4.31). Further
information an be extrated by solving the ghost DysonShwinger equation self-onsistently
with an ansatz for the ultraviolet behavior. This ansatz requires an eduated guess.
Despite asymptoti freedom, the Green funtions do not asymptotially beome tree-level in
the ultraviolet. Weinberg's theorem states that there an be logarithmi orretions [148℄, and
an ansatz for the gluon and ghost propagators for k ≫ µ might therefore read
DA(k) ∼ 1
k2 lnγ( k
2
µ2
)
(4.32a)
DG(k) ∼ 1
k2 lnδ( k
2
µ2 )
(4.32b)
The exponents of the logarithms are speied by the renormalization group in relation to the
anomalous dimensions of the gluon and the ghost eld [143℄,
γA(g) =
∂ lnZ3
∂ lnµ2
= γ0Ag
2 +O(g4) (4.33a)
γG(g) =
∂ ln Z˜3
∂ lnµ2
= γ0Gg
2 +O(g4) (4.33b)
In the Landau gauge, this relation is given by [143℄
γ =
γ0A
β0
=
13
22
(4.34a)
δ =
γ0G
β0
=
9
44
(4.34b)
Oftentimes, the logarithmi exponents γ and δ in (4.32) are referred to as anomalous dimensions
of the gluon and the ghost, although stritly speaking they are only the lowest order oeients
of the anomalous dimensions γA and γG dened in Eq. (4.33) and divided by β0.
We now try to reprodue the well-established results (4.34) from our nonperturbative study of
DysonShwinger equations in Landau gauge. In the same proedure, we may then go on to
determine the UV behavior of Coulomb gauge propagators.
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Landau gauge anomalous dimensions
Consider the (d = 4) Landau gauge ghost DSE multipliatively renormalized in the sheme
(4.21), where µ2DA(µ) = CA, µ
2DG(µ) = CG and the ghost-gluon vertex is evaluated at some
momentum onguration to dene a value of Z˜1,
D−1G (k) = k
2Z˜3 − g2NcZ˜21k2
∫
d¯4ℓ
(
1− (ℓˆ · kˆ)2
)
DA(ℓ)DG(ℓ− k) . (4.35)
A renormalization presription that does not agree with (4.23) is aounted for by a hange in
Z˜21 . In order to study the ghost DSE (4.35) in the asymptoti ultraviolet limit, the following
ansätze are made:
DA(k) =
CA
k2
(
1 + CAA ln
γ( k
2
µ2 )
) k→∞−→ A
k2 lnγ( k
2
µ2
)
(4.36a)
DG(k) =
CG
k2
(
1 + CGB ln
δ( k
2
µ2
)
) k→∞−→ B
k2 lnδ( k
2
µ2
)
(4.36b)
These satisfy the renormalization presriptions (4.21) for k = µ and behave like the proposed
ultraviolet behavior (4.32) for k → ∞, with oeients A and B. Rewrite the ghost DSE
(4.35) by
1
k2DG(k)
= Z˜3 − g2NcZ˜21ABIG(k) , (4.37)
where the integral IG(k) an then be asymptotially evaluated for k ≫ µ with a dimensionally
regularized UV divergene,
6
IG(k →∞) =
∫
d¯4−2ǫℓ
1− (ℓˆ · kˆ)2
ℓ2(ℓ− k)2 lnγ
(
ℓ2
µ2
)
lnδ
(
(ℓ−k)2
µ2
) = ∫
ℓ≥k
d¯4−2ǫℓ
1− (ℓˆ · kˆ)2
ℓ4 lnγ+δ
(
ℓ2
µ2
)
=
2
(2π)3
π∫
0
dη sin4 η(1 +O(ǫ))
∞∫
k
dℓ
ℓ
1
(ℓ2)ǫ lnγ+δ
(
ℓ2
µ2
) , x := ǫ ln( ℓ2
µ2
)
=
3
32π2
(1 +O(ǫ)) (µ2)−ǫ 1
ǫ1−γ−δ
1
2
∞∫
ǫ ln
“
k2
µ2
”
dxx−γ−δ e−x
=
3
64π2
(1 +O(ǫ))
(
Γ(1− γ − δ)
ǫ1−γ−δ
− 1
1− γ − δ ln
1−γ−δ
(
k2
µ2
)
+O(ǫ)
)
=
1
(4π)2
3Γ(1− γ − δ)
4ǫ1−γ−δ
− 1
(4π)2
3
4(1 − γ − δ) ln
1−γ−δ
(
k2
µ2
)
. (4.38)
6
One an integrate for ℓ < k and ℓ > k and expand in ℓ/k and k/ℓ, respetively. Only one term is
dominant whih turns out to be the one found by the angular approximation. We restrit the alulation to
0 < 1− γ − δ < 1. Furthermore, the expansion of the inomplete gamma funtion
∞Z
τ
dxxz−1 e−x = Γ(z)−
∞X
n=0
(−1)nτ z+n
n!(z + n)
is used.
97
4. Running oupling and ultraviolet behavior
Terms that vanish for ǫ → 0 were disarded. Mathing this result to the l.h.s. of the ghost
DSE (4.37) leads to a sum rule of the anomalous dimensions,
γ + 2δ = 1 , (4.39)
as well as the relation
g2NcZ˜
2
1AB
2 1
(4π)2
3
4δ
= 1 . (4.40)
The innite part of the renormalization onstant Z˜3 is identied by
Z˜3 =
Γ(δ + 1)
B
1
ǫδ
+ nite (4.41)
where setting the nite part to zero puts QCD into a nonperturbative phase.
7
We may now plug the asymptoti forms (4.36) into the running oupling (4.25) to obtain with
Eq. (4.40)
g2(k →∞) = Z˜21g2
AB2
ln
(
k2
µ2
) = 1
1
(4π)2
3Nc
4δ ln
(
k2
µ2
)
(4.42)
Note that the nite value of Z˜1 spei to the renormalization sheme drops out. The above UV
limit expression for the nonperturbative g2(k) an be ompared to the perturbative expression
(4.31) to yield
δ =
1
(4π)2
3Nc
4β0
=
9
44
, (4.43)
in agreement with the perturbative result for δ in Eq. (4.34).
Coulomb gauge anomalous dimensions
Sine the above UV analysis of the nonperturbative ghost DysonShwinger equation suess-
fully yielded the orret anomalous dimensions for the Landau gauge, we use the same method
to extrat the anomalous dimensions for the gluon and ghost elds in the Coulomb gauge.
The multipliatively renormalized ghost DSE reads in terms of d(k) and ω(k),
d−1(k) = Z˜3 − g2NcZ˜21
∫
d¯3ℓ
(
1− (ℓˆ · kˆ)2
) d(ℓ− k)
2ω(ℓ)(ℓ− k)2 , (4.44)
and the ansätze
ω−1(k) =
C−1ω
k
[
1 + C
−1
ω
A ln
γ
(
k2
µ2
)] , d(k) = Cd
1 + CdB ln
δ
(
k2
µ2
)
(4.45)
7
It was disussed in Ref. [78℄ that the horizon ondition does not allow
eZ3 → 1 for g → 0 and hene
ontradits perturbation theory.
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give for k = µ the values C−1ω and Cd, resp., whereas the k → ∞ behavior is determined by
the oeients A and B and the exponents γ, δ, similarly to the Landau gauge. Setting the
renormalization onstant Z˜3 to
Z˜3 =
Γ(δ + 1)
B
1
ǫδ
, (4.46)
enfores the horizon ondition (f. Eq. 4.41), and one may alulate the integral in Eq. (4.45)
for k →∞ by
B−1 lnδ
(
k2
µ2
)
= Z˜3 − g2NcZ˜21
∫
ℓ≥k
d¯3−2ǫℓ
(
1− (ℓˆ · kˆ)2
) AB
2ℓ3 lnγ+δ
(
ℓ2
µ2
)
= Z˜3 − g2NcZ˜21AB
1
2
4
3
(2π)2
1
2
1
ǫδ
∞∫
ǫ ln
“
k2
µ2
”
dx xδ−1 e−x
= Z˜3 − g2NcZ˜21AB
1
(4π)2
(
4Γ(δ)
3
1
ǫδ
− 4
3δ
lnδ
(
k2
µ2
))
= g2NcZ˜
2
1AB
1
(4π)2
4
3δ
lnδ
(
k2
µ2
)
(4.47)
where we have mathed the exponents by means of the sum rule
γ + 2δ = 1 , (4.48)
and the oeients are found to to obey
g2NcZ˜
2
1AB
2 1
(4π)2
4
3δ
= 1 . (4.49)
With these results, the Coulomb gauge running oupling (4.29) gives for the ultraviolet limit
g2(k →∞) = Z˜21g2
AB2
ln
(
k2
µ2
) = 1
1
(4π)2
4Nc
3δ ln
(
k2
µ2
)
(4.50)
and in omparison to its known gauge invariant behavior (4.31) this yields
δ =
1
(4π)2
4Nc
3β0
. (4.51)
With the anonial value (4.3) for β0 and by virtue of the sum rule (4.48), the logarithmi
exponents of ghost and gluon propagators an thus be found to yield
γ =
3
11
, δ =
4
11
. (4.52)
The lowest order anomalous dimensions (f. Eq. 4.34) γ0A = β0γ = Nc and γ
0
G = β0δ =
4Nc
3 agree with the purely perturbative alulation [56, 149, 72℄. Therefore, a full numerial
nonperturbative solution is expeted to yield the ultraviolet behavior speied by (4.45) with
the logarithmi exponents (4.52).
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Realling the numerial solution from hapter 3, the values for γ and δ, see Eq. (3.58), were
γ
num
= 0 , δ
num
=
1
2
. (4.53)
Note that the sum rule (4.48) is satised by the above values. In the alulation that led to
(4.52), we required β0 to be the anonial value. We may turn the argument around, assume
the numerial solutions (4.53) and alulate β0 from the UV behavior of the resulting running
oupling, f. Eq. (4.51). This proedure yields
βnum0 =
1
(4π)2
4Nc
3δ
num
=
1
(4π)2
8Nc
3
. (4.54)
The disagreement of βnum0 with β0 is small, but in view of the exponential dependene of
the QCD sale on β0, a slightly erroneous result for β0 will make a sensible assignment of
ΛQCD hopeless. The failure to nd the orret β0 is learly due to the approximations made.
The Gaussian wave funtionals used eliminate the gluon loop in the gap equation sine there
exists no tree-level three-gluon vertex. From purely perturbative alulations it is known that
the gluon loop is essential for the gluon self-energy to preserve gauge invariane and produe
the orret β0. A nonperturbative alulation therefore requires a trunation that involves
the gluon loop as well. However, DSE studies in Landau gauge showed that the dressing of
the three-gluon vertex in the gluon loop must be highly non-trivial [53, 124℄, and to ahieve
results with the anonial β0 value a momentum dependent renormalization onstant Z1 is
proposed [51℄. In the Hamiltonian approah with a wave funtional, the extration of the
right β0 was pursued from the Coulomb interation using perturbative UV tails for the form
fators [150, 151℄. It is not lear at present how to manipulate the wave funtional suh that
the nonperturbative UV behavior (4.45) with orret values for δ and γ is reprodued from
analyzing the gap equation in the Coulomb gauge Hamiltonian approah.
The agreement of the result (4.54) with Refs. [152, 83℄ is oinidental. There, after fatoring
out gB from the ghost form fator, the β funtion was dened as the (logarithmi) derivative
of the tree-level term in the ghost equation, being g−1B (Λ). However, this term is atually Z˜3,
see Eq. (4.44). What was proposed as the β funtion was atually
β¯ =
∂
∂ lnµ
ln Z˜3 = 2γd (4.55)
i.e. twie the anomalous dimension of the ghost form fator. With the spei value of δ = 1/2,
these objets are indeed idential, sine δ =
γ0d
β0
.
An alternative way to alulate the β funtion from the nonperturbative variational solutions in
the Coulomb gauge is to extrat information from the heavy quark potential VC(k). Sine the
nonperturbative running oupling an also be dened via VC(k), see Eq. (4.30), the Coulomb
form fator f(k) must yield
VC(k) =
d2(k)f(k)
k2
∼ 1
ln k
2
µ2
. (4.56)
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Making an ansatz for the Coulomb form fator f(k) in the ultraviolet,
f(k) =
C
lnϕ k
2
µ2
, (4.57)
therefore provides a sum rule for the logarithmi exponents δ and ϕ,
2δ + ϕ = 1 . (4.58)
Furthermore, the UV ansatz (4.57) for the form fator f(k) an be plugged into its DSE (3.30)
to yield after UV analysis
8
g2NcZ˜
2
1AB
2 1
(4π)2
4
3ϕ
= 1 . (4.59)
By omparison of the above relation to the identity (4.49) from the UV analysis of the ghost
DSE, we infer that ϕ = δ and with the sum rules (4.58) and (4.48) this yields
δ = ϕ = γ =
1
3
. (4.60)
One may now use Eq. (4.51) from the ghost-gluon vertex to alulate β0 as a funtion of δ,
βanti0 =
1
(4π)2
4Nc
3δ
anti
=
1
(4π)2
12Nc
3
. (4.61)
The ourrene of the anti-sreening ontribution
12Nc
3 is familiar from the onsideration of
the instantaneous potential, see setion 4.1. Apparently, the non-instantaneous part needs to
be taken into aount, possibly in the manner proposed in Ref. [146℄.
Apart from the tehnial diulties to arrive at the orret value for β0 automatially, the
above onsiderations showed that it is possible to extrat a ertain ultraviolet behavior of the
Coulomb gauge Green funtions, having imposed the known value for β0. It may therefore be
expeted that, one approximations an be relaxed, the ultraviolet behavior aording to Eqs.
(4.45) and (4.52), i.e.
ω(k) ∼ k ln3/11 k , d(k) ∼ 1
ln4/11 k
, (4.62)
will be found numerially. Lattie alulations [128℄ laimed a ounter-intuitive UV power
law ω ∼ k3/2. The data displayed in Fig. 3.3 also indiate an UV enhanement of ω(k).
However, a stronger than linear rising of ω(k) might as well be an indiation of the logarithmi
orretion in (4.62). The lattie alulations in [70℄ agree with suh a statement. This should
be investigated further.
4.4 Infrared xed point
In this setion we investigate the infrared behavior of the Coulomb gauge running oupling as
dened by Eq. (4.29). Due to the nonrenormalization property of the ghost-gluon vertex, the
8
In the same manner as for the infrared analysis in setion 3.6, the asymptoti evaluation of the DSE for
f(k) gives no additional ondition on the (power or logarithmi) exponents. This is due to the fat the produt
d2(k)
k2ω(k)
behaves like
1
k
in the infrared and like
1
k ln k
in the ultraviolet, as a onsequene of the ghost-gluon vertex'
nonrenormalization.
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Figure 4.2: The running oupling α(k) as dened by Eq. (4.29) with the
variational solutions presented in hapter 3.
running oupling attains a nite value in the infrared. The orresponding β funtion then has
a xed point in the infrared. This an be readily seen by noting that the sum rule (2.54) for
infrared exponents yields
1− 2(2αG + 1 + αA) = 0 (4.63)
in the Coulomb gauge where d = 3. Hene, with the infrared power laws (2.50) with oeients
2A for ω−1(k) and B for d(k), we nd for the infrared limit of the (equal-time) running oupling
α(k) = g
2(k)
4π in Eq. (4.29)
αc := lim
k→0
α(k) = Z˜21g
2 2AB
2
4π
=
1
2πNcIG(κ)
, (4.64)
where we have made use of Eq. (2.60) whih relates the infrared oeients A and B to the
funtion IG(κ) dened by Eq. (2.59b).
9
For the preferred solution with κ = 12 , we evaluate
IG(κ) to nd
αc|κ=
1
2
d=3 =
2π
Nc
. (4.65)
In Fig. 4.2, the running oupling as given in Eq. (4.29) is shown with the full numerial solutions
for d(k) and ω(k) given in hapter 3. The numerial value of αc is in exellent agreement with
Eq. (4.65).
10
9
A fator of
eZ21 needs to be reintrodued here, it was set to unity in the infrared analysis of hapter 2.
10
In Ref. [86℄, the denition of the running oupling from Ref. [101℄ with a fator of
8
3
in Eq. (4.29) was used
without adjustment of
eZ1. Therefore, the value of αc was found to be higher by that fator, i.e. 16π/(3Nc).
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Figure 4.3: Infrared limit α¯c of the running oupling as funtion of d.
The three solutions κa, κb and κc from Fig. 2.5 are shown.
The other ritial solutions for various spatial dimensions d and the respetive solutions for κ(d)
yield dierent values for the infrared limit of the running oupling. To study the dependene
on the dimension d, we use here the Landau gauge running oupling α¯(k) := g
2(k)
4π with g
2(k)
dened in Eq. (4.25). The infrared limit yields
α¯c := lim
k→0
α¯(k) =
1
4πNcIG(κ)
, (4.66)
f. Eq. (4.64). For the three solution branhes κa(d), κb(d) and κc(d) shown in Fig. 2.5, the
value of α¯c is shown in Fig. 4.3 as a funtion of the dimension d. It is seen that for large d,
α¯c(d) rises exponentially. For d→ 2, whih orresponds to the Landau gauge 1+1 dimensional
YM theory, the solutions κa(d) and κc(d) yield α¯c(d = 2) = 0 whereas for κb(d) the infrared
limit α¯c approahes a nite value
α¯c|κ=
1
5
d=2 ·Nc =
28/5Γ2(65)Γ(
13
10 )√
π Γ(25)Γ(
4
5 )
Nc ≈ 0.501Nc (4.67)
The root κb(d) does not show any qualitative hange for d = 2 where all Landau gauge degrees
of freedom are frozen. The solutions κa(d) and κc(d), on the other hand, do show a qualitative
hange at d = 2. Granted the approximations made, the latter solutions with α¯c = 0 for
d = 2 indiate what one may expet: the 1 + 1 dimensional Landau gauge alls for a separate
treatment.
Returning to the d = 3 Coulomb gauge, it is reassuring to see that the running oupling in Fig.
4.2 is a monotoni funtion. Otherwise the β funtion would have spurious zeros (a problem
that ours in the Landau gauge [106℄). The infrared nite value of the running oupling infers
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αc
α
β(α)
Figure 4.4: Sketh of the β funtion. The solid line qualitatively desribes
the behavior of the running oupling as shown in Fig. 4.2. The dashed
line shows the ase where there is a small bump in the running oupling.
With a dotted line, the β funtion is shown for the subritial solution.
that the β funtion has an infrared xed point for g
2
4π = αc.
11
In Fig. 4.4, several ases of
the β funtion are skethed. The subritial solutions (setion 3.7), as opposed to the ritial
solutions, do not have a sum rule of infrared exponents sine all form fators are infrared nite.
The running oupling α(k) should have an ultraviolet behavior similar to the one shown in
Fig. 4.2 sine the form fator are qualitatively the same in the UV. However, in the infrared
one nds
α(k → 0) ∼ k , (4.68)
that is the running oupling from the ghost-gluon vertex vanishes in the infrared for the
subritial solution. This behavior is unaeptable for a theory that is strongly oupled in
the infrared. In ontrary to the 1 + 1 dimensional theory, the 3 + 1 dimensional ase requires
a non-vanishing oupling strength for the infrared degrees of freedom. Moreover, if we hold
onto asymptoti freedom, the additional requirement (4.68) yields a multi-valued β funtion.
The interpretation of α(k) as a running oupling is then questionable sine the zeros of the β
funtion are not neessarily xed points [153℄.
12
Aside from the disussion in setion 3.7, this
indiates that the subritial solutions are unphysial.
Vertex orretions
There exists the possibility of nonperturbative orretions to the running oupling. This might
be interesting even for the extration of ΛQCD by omparison to experiment [140℄. It was
suggested in Ref. [98℄ to multiply the running oupling with a ontration of the ghost-gluon
11
The infrared divergent running oupling (4.30) from the heavy quark potential would not exhibit this
infrared xed point.
12
The running oupling (4.30) extrated from the Coulomb potential would yield an infrared nite limit for
the subritial solution and might serve as a more sensible denition in this ase.
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vertex in a ertain momentum onguration. The infrared limit of the thus orreted running
oupling is denoted by
α(C)c = lim
k→0
α(k)C2 . (4.69)
The value C, dened by Eq. (3.75), desribes the dressing of the vertex in the infrared limit
where rst the gluon momentum is approahed to zero and afterwards the ghost momentum
is taken to be zero. With the help of the result obtained in table 3.2 for the number C, the
orretions to αc an be be speied. They are shown in table 4.1 for the various solutions of
κ(d) in question, in omparison to the unorreted values αc. Note that the solution κ =
1
2 for
d = 3 is partiular in the sense that it is not orreted by the vertex ontribution sine C = 1.
d κ
(−)
α c Nc
(−)
α
(C)
c NC
3 0.398 4.488 5.32
3 12 2π 2π
4 0.595 8.915 10.94
Table 4.1: Infrared nite values of the running oupling for the various
infrared solutions, with and without vertex orretions. For d = 3, we
used the denition αc in Eq. (4.64) whereas for d = 4, α¯c from Eq. (4.66)
is used and reprodues the result in Ref. [97℄ without vertex orretion.
In onluding this hapter, we give a brief outlook on future investigations with the nonper-
turbative running oupling in the Coulomb gauge. With an improved ultraviolet behavior of
the Green funtions, see setion 4.3, it will be possible to adjust the sale in the Hamilto-
nian approah to YM theory. This may be pursued by omparison to experimental sattering
amplitudes from deep inelasti sattering. The nonperturbative feature of the variational so-
lutions makes it then possible to quantify other interesting objets numerially, suh as, e.g.,
the Coulomb string tension, or orrelators of the high-temperature phase of QCD.
105
5. Inlusion of external harges
5 Inlusion of external harges
In the Coulomb gauge, the Green funtions were investigated in the infrared limit in hapter
2 and for the entire momentum range with variational methods in hapter 3. These vauum
alulations inlude only the interation of gluons and ghosts, the oupling to the quark setor
is suppressed by setting ρa
ext
(x) = 0. The translationally invariant Green funtions so obtained
were disussed in the previous hapters, and it was shown that the heavy quark potential is
obtained by a perturbation in ρa
ext
(x). Although the ruial feature of linear onnement is
already given by the Green funtions of the pure glue theory, the bak-reation of the external
harges on the wave funtional is laking. One may expet that by extending the ansatz for
the wave funtional in the presene of a quark-antiquark pair, for instane, the energy an
be lowered further by the formation of a ux tube onneting these external harges. In this
setion, various approahes are disussed by whih the bak-reation of the external harges
on the gauge eld setor an be studied.
5.1 Gluons in a quasi-partile representation
The vauum wave funtional used in hapter 3 is of Gaussian type. In analogy to the quantum
harmoni osillator where the Gaussian ground state is annihilated by a linear ombination of
the oordinate and momentum operators, the variational YM vauum state |0〉 suggests the
introdution of an annihilation operator that yields aak(x) |0〉 = 0. Its hermitian onjugate
aak(x)
†
may then be onsidered the reation operator of a gluoni exitation at point x. By
means of these gluoni exitations, an orthonormal basis of partile exitations an be on-
struted [154℄. In a normal order expansion of the YangMills Hamiltonian, the term ωa†a
ours so that ω(k) represents part of the energy of a gluoni exitation with momentum k.
Sine in the infrared, the dispersion relation departs substantially from the behavior ω(k) = k
of a free partile, these partile exitations are regarded as quasi-partiles, inorporating non-
perturbative eets.
Before we dene the quasi-partile basis, reall that the hoie λ = 12 for the wave funtional
in Eq. (3.1),
Ψ[A] = 〈A| 0〉 = N 1√J [A] exp
[
−1
2
∫
d3[xy]Aai (x)ω(x, y)A
a
i (y)
]
, (5.1)
formally eliminates the FaddeevPopov determinant J from expetation values. The Coulomb
gauge salar produt 〈 | 〉 that omprises J after gauge xing an be related to a salar produt
〈 | 〉
at
with a at measure,
〈0| O[A,Π] |0〉 =
∫
DAJ [A]Ψ∗[A]O[A,Π]Ψ[A]
=
∫
DA Ψ˜∗[A]O˜[A,Π]Ψ˜[A] =: 〈 0˜|O˜[A,Π]|0˜ 〉
at
(5.2)
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if we identify
Ψ˜[A] = 〈A | 0˜〉 =
√
J [A]Ψ[A] , O˜[A,Π] =
√
J [A]O[A,Π] 1√J [A] . (5.3)
With these manipulations, expetation values an be alulated straightforwardly by means
of Wik's theorem. Note that the expetation values onsidered are not taken in the auxiliary
Gaussian state Ψ˜[A] but atually in the state (5.1). The Gaussian Ψ˜[A] is suitable to dene
an annihilation operator
aak(x) =
1√
2
∫
d3y
(
α−1km(x, y)A
a
m(y) + iαkm(x, y)Π
a
m(y)
)
(5.4)
that yields
1
aak(x)|0˜ 〉 = 0 . (5.5)
Above, the funtion αij(x, y) is dened as the inverse square root of the variational kernel ω,
αij(x, y) = tij(x)α(x, y) ,
∫
d3yα(x, y)α(y, z) = ω−1(x, z) , (5.6)
and has the same dimension as the eld operator A. Adopting the anonial ommutation
relations
2
[Aa⊥i (x),Π
b⊥
j (y)] = it
ab
ij (x, y) , (5.7)
the hermitian onjugate of Eq. (5.4) obeys
[aai (x), a
b
j(y)
†] = tabij (x, y) , (5.8)
and reates gluoni exitations by ating on the vauum,∣∣∣{x(k), ak, ik}〉 = Nn n∏
k=1
aakik (x
(k))
† ∣∣0˜〉 (5.9)
whih an be shown to be orthogonal. Normalization of the states (5.9) by an appropriate
hoie of Nn may be issued, if needed, in a nite volume V =
∫
d3x.
5.2 Coherent states
With the set of gluoni exitations formulated in the previous setion, we have a basis of the
Hilbert spae at our disposal in whih a state an be onstruted taking the presene of external
1
Stritly speaking, only the auxiliary vauum |0˜ 〉 and not the true vauum |0 〉 is annihilated by the operator
a. Employing the replaement lnJ = − R AχA in the one-loop approximation, see Eq. (3.13), a denition of
the operator a by means of Ω that annihilates |0〉 ould be pursued.
2
Here, we write the ⊥ expliitly in order to emphasize that all elds are transverse. The ommutation
relations (1.89) that involve the eld dependent operator Tij are not onsidered here.
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olor harges into aount. This state, |Z 〉, is here hosen as a oherent superposition of the
exited states (5.9), where a loalized funtion ontrols the exitation of gluons in between the
external olor harges. This funtion, Zak (x), may be determined by the variational priniple,
minimizing the expetation value of H ′ = H +H
ext
with the external harges ρ
ext
ontained
in H
ext
.
Coherent states were rst introdued by Shrödinger [155℄ in 1926 and further established by
Glauber [156℄ in 1963 who laid the keystone for developments in quantum optis and thus
gained the 2005 physis Nobel prize (along with Hall and Häntsh). It will be instrutive here
to briey disuss the simple ase of the three-dimensional harmoni osillator and thus expose
the main features of the oherent state. The Hamiltonian reads
H =
p2
2m
+
1
2
mω2x2 = ωa†kak + E0 , (5.10)
where
ak =
1√
2
(xk
σ
+ iσpk
)
and a†k =
1√
2
(xk
σ
− iσpk
)
(5.11)
are linear ombinations of xk and pk that diagonalize H for σ
−1 =
√
mω. Due to [xi, pj ] = iδij ,
we have [ai, a
†
j ] = δij and the orthonormal states |n〉 =
∏
k(nk!)
−1/2(a†k)
nk |0〉 an be shown to
yield the equidistant spetrum H |n〉 = En |n〉 with En = ω(nx + ny + nz + 32). The vauum
state |0〉 for n = 0 has minimal energy E0 = 32 and is annihilated by (5.11), a |0〉 = 0. The
solution to the latter dierential equation yields the vauum wave funtion in oordinate spae,
ψ0(x) := 〈x| 0〉 = 1
(πσ2)3/4
e−
1
2
x2/σ2 . (5.12)
We now dene the oherent state |z 〉 by ating with a unitary operator U on the vauum state
|0〉,
|z 〉 = U(z) |0〉 , U(z) = ezka†k−z∗kak , zk ∈ C . (5.13)
The oherent states so dened are normalized if |0〉 is, but they are not orthogonal. The
ontinuous index z makes the set of oherent states over-omplete in the given Hilbert spae
with a ountable basis. Further properties of the oherent state are listed below:
a) eigenstate of annihilation operator
ak |z 〉 = zk |z 〉 (5.14a)
b) losure relation
3
1 =
1
π3
∫
d2z |z 〉 〈z| (5.14b)
3
The integral is taken over the omplex planes of all omponents of z. By inserting the losure relation into
1 = 〈0| 0〉, the fator 1
pi3
is anelled by the integration of the polar angles in the omplex planes.
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) minimal unertainty
(∆xk)(∆pk) =
1
4
(no sum) (5.14)
d) Poissonian distribution
|〈n| z〉|2 =
∏
k
|zk|2
nk!
e−|zk|
2
(5.14d)
e) shifted vauum wave funtion
〈x| z〉 ∼ 〈x−√2σRe z∣∣0〉 (5.14e)
To see the property e) rst note that the operator U(z) in Eq. (5.13) an be expressed by
oordinate and momentum operators x and p using Eq. (5.11),
U(z) = ezka
†
k
−z∗kak = eiIkxk−iRkpk , (5.15)
having abbreviated
Ik :=
√
2σ−1 Im(zk) , Rk :=
√
2σRe(zk) . (5.16)
The well-known Campbell-Baker-Hausdor formula
ln
(
eX eY
)
= X + Y +
1
2
[X,Y ] +
1
12
[X, [X,Y ]]− 1
12
[Y, [X,Y ]] + . . . (5.17)
whih infers eA+B = eA eB e−
1
2
[A,B]
for [A,B] a c-number, helps to rewrite the oherent state
(5.13) and interpret it by a shifted vauum wave funtion,
ψz(x) = 〈x| z〉 = e−
1
2
iIkRk eiIkxk e−Rk∂
x
k ψ0(x)
= e−
1
2
iIkRk eiIkxk ψ0(x−R) . (5.18)
Here, we have used 〈x| ipk |y 〉 = ∂xk δ(3)(x− y) and assumed analytiity of ψ0(x). That is, the
wave funtion of the oherent state is, up to a x-dependent phase, the vauum wave funtion,
evaluated at x−R. This proves Eq. (5.14e). Equivalently, using 〈p| ixk |q 〉 = −∂pkδ(3)(p− q),
we nd for the momentum spae wave funtion
ψz(p) = 〈p| z〉 = e 12 iIkRk e−iRkpk ψ0(p− I) . (5.19)
Expetation values in the oherent state an thus be easily related to vauum expetation
values,
〈z| O(x) |z 〉 =
∫
d3x ψ∗0(x−R)O(x)ψ0(x−R)
=
∫
d3x ψ∗0(x)O(x+R)ψ0(x)
= 〈0| O(x+R) |0〉 (5.20)
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For an operator O(x, p) that depends on both x and p, an equivalent relation is derived. The
most general form shall be referred to as the shift rule:
〈z| O(x, p) |z 〉 = 〈0| e−iIkxk O(x+R, p) eiIkxk |0〉
= 〈0| O(x+R, p+ I) |0〉 (5.21)
The utility of the above identities an be presented in a simple example. Consider the three-
dimensional harmoni osillator (5.10) and onstrut oherent states as dened above, Eq.
(5.13). Now think of the partiles as harged and an external eletri eld E being swithed
on, H → H ′ = H − qE · x. A prime in this hapter shall always indiate that external elds
are present. Let x = x‖ + x⊥ be split into a vetor x‖ parallel to E and one perpendiular to
it (aordingly for R). The energy E′(z) in the oherent state is readily alulated using the
shift rule (5.21),
E′(z) = 〈z| H ′ |z 〉 = E0 + ω|z|2 − qE · 〈0| x+R |0〉
= E0 +
1
2
ωσ2I2 +
1
2
ω
σ2
R2⊥ +
1
2
ω
σ2
(
R‖ −
qE
mω2
)2
− q
2E2
2mω2
. (5.22)
Minimizing E′(z) learly gives I = R⊥ = 0 and R‖ =
qE
mω2
. The wave funtion ψ0(x) is
therefore shifted to ψz(x) = ψ0(x− qEmω2 ). This happens to be the exat vauum wave funtion
of H ′, as seen diretly by quadrati ompletion,
H ′ =
p2
2m
+
1
2
mω2x2⊥ +
1
2
mω2
(
x‖ −
qE
mω2
)2
− q
2E2
2mω2
(5.23)
The ground state energy (atually the entire spetrum) is shifted to E′0 = E0 − q
2E2
2mω2 .
In YangMills theory, a less trivial situation is enountered. The Hamiltonian H is not di-
agonalized exatly, but by means of the variational priniple a quasi-partile basis an be set
up. A oherent state onstruted in this basis is used to alulate the expetation value of H ′,
and minimize the latter. We now disuss a omparable quantum mehani example. Let the
anharmoni osillator be dened by
Hanh. =
p2
2m
+
1
2
mω2x2 + λm2ω3x4 , λ ∈ R+ (5.24)
may be a helpful quantum mehani example. We also fail to diagonalize this Hamiltonian,
but a Gaussian ansatz as in Eq. (5.12) with σ as a variational parameter aids to nd an
approximate ground state. Its width σ an be shown to yield for
σ2 =
1
30λmω
(
C1/3 + C−1/3 − 1
)
, C = 1350λ2 + 30
√
2025λ4 − 3λ2 − 1 (5.25)
the minimal energy
4
E0 =
3
4mσ2
+
3
4
mω2σ2 +
15
4
λm2ω3σ4 . (5.26)
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Figure 5.1: Variational solution for the ground state of the anharmoni
osillator. Left: Energy E0 as a funtion of the parameter λ of the quarti
potential. Right: Width σ of the Gaussian ground state, as a funtion
of λ.
As an be seen in Fig. 5.1, the Gaussian ground state wave funtional beomes narrower for
inreasing the oeient λ of the quarti potential, while the energy inreases. Note that for
λ→ 0, the results for the harmoni osillator are reovered. For a omparison to eld theory,
we disuss the variational solution to the φ4 theory in the Hamiltonian approah in appendix
D.
Similarly to the variational approah to YM theory, we have found an approximate Gaussian
ground state and an reate quanta by the reation operator in Eq. (5.11) with the Gaussian
width σ given by Eq. (5.25). Now swith on an external eletri eld,
H ′anh. = Hanh. − qE · x (5.27)
and alulate the energy in the oherent state. The result gives the ground state energy E0,
see Eq. (5.26), and a orretion dependent on z,
E′(z) = 〈z| H ′anh. |z 〉
= E0 +
I2
2m
+ λm2ω3σ4R4 +
1
2
mω2(1 + 18λmωσ2)R2 − qE · R (5.28)
For z = 0, the energy E′(z) is equal to E0, as expeted. Minimizing E
′(z) w.r.t. z yields some
value zmin. The result will depend on the parameter λ of the quarti potential and the eletri
fore F = −qE . Without giving the result expliitly, we an see from Eq. (5.28) that for all
values of λ > 0 and F 6= 0 there exists a zmin = Rmin‖ 6= 0 suh that E′(Rmin‖ ) < E0, i.e. the
energy is lowered in the oherent state.
We now turn bak to the original task, writing down a oherent state in the quasi-partile basis
of YangMills theory. The over-omplete set of states, here given by Eq. (5.9), inorporates
4
A lowest-order expansion for small λ agrees with Ref. [157℄ for the one-dimensional ase. Partiular are
is required onerning the Riemann sheets when taking the λ→ 0 limit.
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already the nontrivial eets of the Hamiltonian H (1.107) without external harges, similar
to the treatment of the quarti quantum mehani potential above. Using these states, the
oherent state for YangMills theory is introdued here by
|Z˜〉 = U˜ |0˜ 〉 (5.29)
with
U˜ = exp
{∫
d3x
(
Zak (x)a
a
k(x)
† − Zak (x)∗aak(x)
)}
, (5.30)
where the eld Zak (x) ontrols the exitations of gluons. By means of Eq. (5.4), one an rewrite
U in terms of eld operators,
U˜ = exp
{∫
d3x (iIak (x)A
a
k(x)− iRak(x)Πak(x))
}
, (5.31)
where the abbreviations
Raj (x) =
√
2
∫
d3x′αjk(x, x
′)Re
(
Zak (x
′)
)
(5.32a)
Iaj (x) =
√
2
∫
d3x′α−1jk (x, x
′) Im
(
Zak (x
′)
)
(5.32b)
were used. The expetation value of the Hamiltonian with harges, H ′ = H+H
ext
, in the state
(5.29) will be alulated in the next setion. Optimistially, we may hope that in analogy to
the quantum mehanial example, a nontrivial solution for a oherent state exists that lowers
the energy.
We provide here the denition of the oherent state energy,
E[Z] := 〈Z˜|H˜|Z˜〉
at
=
∫
DA
(
U˜Ψ˜
)∗
H˜
(
U˜Ψ˜
)
. (5.33)
It is important to larify whih state it refers to as a Coulomb gauge expetation value of H
(not H˜). Carefully treating operator ordering, the energy (5.33) an be rewritten as a Coulomb
gauge expetation value,
E[Z] =
∫
DA Ψ˜∗U˜ †H˜U˜Ψ˜
=
∫
DA
(√JΨ∗)( 1√J U †√J
)(√JH 1√J
)(√JU 1√J
)(√JΨ)
=
∫
DAJΨ∗
(
1
J U
†J
)
HUΨ
=
∫
DAJ (UΨ)∗H (UΨ)
≡ 〈UΨ| H |UΨ〉 (5.34)
It is seen that by alulating E[Z] via the auxiliary expetation value (5.33) with a at measure,
the Coulomb gauge expetation value of the Hamiltonian H is taken in the state
|Z 〉 = U |0〉 , (5.35)
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f. Eq. (5.29). The orresponding wave funtional is obtained by ating with U on the vauum
wave funtional Ψ[A]. With U˜ given by Eq. (5.30), a Campbell-Baker-Hausdor formula is
needed to nd U = J −1/2U˜J 1/2. From Eq. (5.17), it an be derived that for [X, [X,Y ]] and
[Y, [X,Y ]] c-numbers,
eY eX e−Y = eX−[X,Y ]−
1
2
[Y,[X,Y ]] . (5.36)
Using this relation, and the one-loop Gaussian approximation for the FaddeevPopov deter-
minant (3.13), we nd after some algebra
U = e−
1
2
R
RχR+
R
AχR U˜ . (5.37)
5.3 Energy of YangMills theory in the oherent state
In this setion, the alulation of the energy E′[Z] in the oherent state is presented. First of
all, let us larify how this energy is dened. The oherent state (5.35) is used to alulate the
expetation value of the YangMills Hamiltonian (1.107) in the presene of external harges
ρa
ext
(x). Without external harges, the Hamiltonian reads
H = Hk +Hp +H
(0)
C (5.38)
with the denitions of the kineti part,
Hk =
1
2
∫
ddx
1
J [A] Π
a
k(x)J [A] Πak(x) (5.39)
the magneti potential part,
Hp =
1
4
∫
ddxF aij(x)F
a
ij(x) (5.40)
and the Coulomb part HC of the Hamiltonian whih involves a ontribution oming from
dynamial gluoni harges,
H
(0)
C =
g2
2
∫
dd[xy]
1
J [A] ρ
a
dyn
(x)J [A]F ab(x, y) ρb
dyn
(y) . (5.41)
In the presene of external harges, the total harge distribution ρa(x) = ρa
dyn
(x) + ρa
ext
(x)
adds extra terms to the Coulomb part HC , so that the Hamiltonian under onsideration reads
H ′ = H +H
(1)
C +H
(2)
C (5.42)
with
H
(1)
C =
g2
2
∫
dd[xy]
(
1
J [A]ρ
a
dyn
(x)J [A] F ab(x, y)ρb
ext
(y) + ρa
ext
(x)F ab(x, y)ρb
dyn
(y)
)
(5.43)
and
H
(2)
C =
g2
2
∫
dd[xy]ρa
ext
(x)F ab(x, y)ρb
ext
(y) . (5.44)
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The energy in the presene of external harges in the oherent state |Z 〉 is dened by
E′[Z] = 〈Z| H ′ |Z 〉 , (5.45)
where this expetation value involves after Coulomb gauge xing the FaddeevPopov determi-
nant J . For the alulation of E′[Z], it will be extremely helpful to employ the shift rule as
it was written down in Eq. (5.21) for the quantum mehani osillator. Here, we an nd the
equivalent shifting eet of the operator U˜ , given in Eq. (5.30), on the operator H˜ ′ (the use
of the tilde was explained in Eq. (5.3)),
E′[Z] = 〈Z˜|H˜ ′[A,Π]|Z˜〉
at
= 〈 0˜|H˜ ′[A+R,Π+ I]|0˜ 〉
at
(5.46)
In the alulations below, we always use the transformations (5.3), ending up with the at
salar produt 〈 | 〉
at
. For brevity, the notation
〈O˜〉ω = 〈 0˜|O˜|0˜ 〉at , 〈O˜〉Z = 〈Z˜|O˜|Z˜〉at (5.47)
is used. Furthermore, reall the matrix notation in oordinate spae from hapter 1. It will
sometimes be onvenient in this hapter as well. The spatial dimension d is left unspeied.
The energy E′[Z] an be expressed by the results from hapter 3 if we set Z = 0,
E′[0] = E + VC . (5.48)
Here, E is the vauum energy displayed below Eq. (3.19) and VC is the Coulomb potential
(2.73) in the vauum state. In Eq. (5.48), there are no ontributions oming from H
(1)
C ,
E
(1)
C [0] = 〈H˜(1)C 〉ω
=
1
2
〈ρ˜ †
dyn
F ρ
ext
+ ρ
ext
F ρ˜
dyn
〉ω
=
g2
2
〈(
iAˆQ
)∗
Fρ
ext
+ ρ
ext
F
(
iAˆQ
)〉
ω
= 0 (5.49)
We will see that in the oherent state the mixed term H
(1)
C does have a ontribution to the
energy. Let us emphasize that it is instrutive to stik to the oordinate spae representation of
the Green funtions. The transformation to momentum spae is helpful in the vauum where
thus an overall innite fator (2π)dδd(0) an be extrated from the energy, due to translational
invariane. The oherent state, on the other hand, aounts for loalized external olor harges
and translational invariane is lost. Therefore, an overall volume fator annot be expeted
and the Fourier transformation provides no simpliation whatsoever.
Let us turn to the alulation of the kineti energy in the oherent state. The kineti part H˜k
in Eq. (5.39) omprises the operator
Π˜ak(x)[A,Π] = Π
a
k(x)−
1
2i
δ lnJ [A]
δAak(x)
(5.50)
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that may be understood as a funtion of A and Π. Applying the shift rule (5.46), we obtain
Ek[Z] =
〈
Hk[A, Π˜[A,Π]]
〉
Z
=
〈
Hk[A+R, Π˜[A+R,Π+ I]]
〉
ω
=
1
2
∫
ddx
∫
DA
∣∣∣Π˜ai (x)[A+R,Π+ I]Ψ˜[A]∣∣∣2 . (5.51)
With the expliit form (5.3) of the Gaussian vauum wave funtional Ψ˜[A] = 〈A|0˜ 〉, we use
Π˜k[A+R,Π]Ψ˜[A] = iQk[A;R]Ψ˜[A] (5.52)
to dene
Qak(x)[A;R] =
∫
ddx′ωabkj(x, x
′)Abj(x
′) +
1
2
δ lnJ [A+R]
δAak(x)
(5.53)
with the obvious notation ωabij (x, y) = δ
abtij(x)ω(x, y). The kineti energy in the oherent
state thus yields shematially
Ek[Z] =
1
2
Tr
(
ω 〈AA〉ω + ω
〈
A
δ lnJ
δA
〉
+
1
4
〈
δ lnJ
δA
δ lnJ
δA
〉)
+
1
2
∫
ddxI2(x) (5.54)
whih we alulate, following Ref. [83℄, with a quadrati ompletion. To this end, dene the
urvature χ
Z
by
(χ
Z
)abij (x, y) := −
1
2
〈
δ2J [A+R]
δAai (x)δA
b
j(y)
〉
ω
= +
1
2
Tr
〈
G[A+R]Γ0,ai (x)G[A+R]Γ
0,b
j (y)
〉
ω
(5.55)
With the denition of the ghost propagator DZG with a oherent bakground eld,
DZ abG (x, y) = 〈G[A]〉abZ (x, y) , (5.56)
the urvature (5.55) an be expressed by
(χ
Z
)abij (x, y) =
1
2
Tr DZG Γ
Z,a
i (x)D
Z
G Γ
0,b
j (y) . (5.57)
This impliitly establishes a denition of the proper ghost-gluon vertex ΓZ,ai (x) in the oherent
state; the latter will in atual alulations be rendered tree-level, as before. Now, the seond
term in Eq. (5.54) an be written using a partial integration as〈
Aai (x)
δ lnJ [A+R]
δAbj(y)
〉
ω
=
1
2
∫
ddz(ω−1)acik (x, z)
〈
δ2J [A+R]
δAck(z)δA
b
j(y)
〉
ω
= −
∫
ddz(ω−1)acik (x, z)(χZ )
cb
kj(z, y) (5.58)
In the one-loop approximation, one an realize by expansion of the FaddeevPopov operators
that the third term in Eq. (5.54),
〈
δ lnJ
δA
δ lnJ
δA
〉
, is simply obtained by writing the rst two
terms as a modulo square. With Q = Q[A;R] as in Eq. (5.53), one thus nds〈
Qai (x)Q
b
j(y)
〉
ω
=
1
2
∫
dd[uv][ω − χ
Z
]acik (x, u)ω
−1(u, v)[ω − χ
Z
]cbkj(v, y) (5.59)
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and is ready to write down the result for the kineti energy,
Ek[Z] =
1
4
∫
dd[xyz][ω − χ
Z
]abij (x, y)ω
−1(y, z)[ω − χ
Z
]baji (z, x) +
1
2
∫
ddxIak (x)I
a
k (x) . (5.60)
By setting the oherent eld to zero, Z = 0, the vauum result (3.20) is reovered.
We now proeed to the Coulomb part HC of the Hamiltonian where Eq. (5.41) amounts to the
Coulomb interation of gluoni harges,
ρ˜ a
dyn
(x)[A,Π] = Aˆabk (x)Π˜
b
k(x)[A,Π] (5.61)
Taking the expetation value of suh operators, relation (5.52) an be used. Noting that
E
(0)
C [Z] =
〈
H˜
(0)
C [A,Π]
〉
Z
is a modulo square, the imaginary terms an be expliitly eliminated
to nd
E
(0)
C [Z] =
g2
2
∫
dd[xy]
〈
(Aˆ+ Rˆ)abk (x)I
b
k(x)F
ac(x, y)[A +R](Aˆ+ Rˆ)cdj (y)I
d
j (y)
〉
ω
+
g2
2
∫
dd[xy]
〈
(Aˆ+ Rˆ)abk (x)Q
b
k(x)F
ac(x, y)[A+R](Aˆ+ Rˆ)cdj (y)Q
d
j (y)
〉
ω
(5.62)
withQ = Q[A;R] as given in Eq. (5.53). To 2-loop order in the energy, there are no ontrations
with the operator F . On the assumption that DZG is symmetri in olor and oordinate spae
separately (just like DG), we have
〈Qk(x)[A;R]〉ω =
1
2
TrDZGΓ
0
k(x) = 0 . (5.63)
The non-vanishing ontrations in Eq. (5.62) then are{〈
AQFAQ
〉
,
〈
AQFAQ
〉
, RI
〈
F
〉
RI ,
〈
AIFAI
〉
,
〈
RQFRQ
〉}
.
A areful treatment of all indies gives
5
E
(0)
C [Z] = −
g2
8
∫
dd[xy](Tˆ g)bb
′
F b
′d′
Z (x, y)(Tˆ
h)d
′d{(
ω−1
)gh
ij
(x, y)
∫
dd[uv][ω − χ
Z
]beik(x, u)ω
−1(u, v)[ω − χ
Z
]edkj(v, y)
+
(
tgdij (x)δ
d(x, y)−
∫
ddwω−1(x,w)(χ
Z
)gdij (w, y)
)
(
tbhij (x)δ
d(x, y)−
∫
ddwω−1(x,w)(χ
Z
)bhij (w, y)
)}
(5.64)
+
g2
2
∫
dd[xy]Rˆabk (x)I
b
k(x)F
ac
Z (x, y)Rˆ
cd
j (y)I
d
j (y)
−g
2
4
∫
dd[xy]ω−1ij (x, y)tr
(
Iˆi(x)FZ(x, y)Iˆj(y)
)
−g
2
4
∫
dd[xyuv][ω − χ
Z
]acik (x, u)ω
−1(u, v)[ω − χ
Z
]cbkj(v, y)Rˆ
ad
i (x)F
de
Z (x, y)Rˆ
eb
j (y)
5
The vauum result (3.22) an be reovered for Z = 0 by using tr
“
Tˆ aTˆ a
”
= −Nc(N2c − 1).
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where we assigned
F abZ (x, y) :=
〈
F ab(x, y)[A]
〉
Z
. (5.65)
The expetation value of the dynamial harge ρ
dyn
= −Aˆ ·Π in the oherent state is in view
of Eq. (5.63) 〈
ρ˜ a
dyn
(x)[A,Π]
〉
Z
= −Rˆabk (x)Ibk(x) . (5.66)
Hene, the mixed terms ∼ ρ
dyn
Fρ
ext
in the Coulomb energy yield without ontrations of the
Coulomb operator F
E
(1)
C [Z] = −g2
∫
dd[xy]Rˆabk (x)I
b
k(x)F
ac
Z (x, y)ρ
c
ext(y) . (5.67)
The Coulomb energy of solely external harges obviously yields
E
(2)
C [Z] =
g2
2
∫
dd[xy]ρaext(x)F
ab
Z (x, y)ρ
b
ext(y) . (5.68)
The magneti potential energy in the oherent state is yet to be alulated. With the Hamilto-
nian given by Eq. (5.40), we nd that the vauum energy Ep[0] as given in Eq. (3.21) is found
in addition to terms involving the oherent eld,
Ep[Z] = Ep[0]
+
1
4
g2
∫
ddx f eabf ecdRai (x)R
b
j(x)R
c
i (x)R
d
j (x)
+ g
∫
ddx fabc
(
∂iR
a
j (x)
)
Rbi (x)R
c
j(x)
+
1
2
∫
ddxRai (x)
(−∂2)Rai (x)
+
1
4
g2Nc
(d− 1)2
d
ω−1(0, 0)
∫
ddx (Rak(x))
2
(5.69)
All but the last term, all it Edivp [Z], are quite trivially obtained using the shift rule (5.47).
Sine it is divergent, let us look at it more arefully. It omes from the quarti part of Hp after
applying the shift rule and ontrating two gauge elds A, leaving two oherent elds R,
Edivp [Z] =
1
4
g2
∫
ddx
{〈
Ai(x)Rˆj(x)Rˆi(x)Aj(x)
〉
ω
+
〈
Ri(x)Aˆj(x)Aˆi(x)Rj(x)
〉
ω
+
〈
Ai(x)Rˆj(x)Aˆi(x)Rj(x)
〉
ω
+
〈
Ri(x)Aˆj(x)Rˆi(x)Aj(x)
〉
ω
+
〈
Ai(x)Aˆj(x)Rˆi(x)Rj(x)
〉
ω
+
〈
Ri(x)Rˆj(x)Aˆi(x)Aj(x)
〉
ω
}
(5.70)
Using the symmetry of the vauum gluon propagator, we get
Edivp [Z] =
1
4
g2
∫
ddx
{
2
〈
Ai(x)Rˆj(x)Rˆi(x)Aj(x)
〉
ω
− 2 〈Ai(x)Rˆj(x)Rˆj(x)Aj(x)〉ω}
=
1
4
g2
∫
ddx
{ (
tij(x)ω
−1(x, y)
)∣∣
y=x
trRˆj(x)Rˆi(x)
− (tii(x)ω−1(x, y))∣∣y=x trRˆj(x)Rˆj(x)} . (5.71)
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Using a Fourier transform for ω−1(x, y) and tr
(
Tˆ aTˆ b
)
= −Nc δab, we reover the proposed
expression in the last line of Eq. (5.69):
Edivp [Z] =
1
4
g2tr
(
Tˆ aTˆ b
)
∫
ddx
{(∫
d¯dp tij(p)ω
−1(p)
)
Raj (x)Rˆ
b
i (x)−
(∫
d¯dp tii(p)ω
−1(p)
)
Raj (x)Rˆ
b
j(x)
}
=
1
4
g2Nc
∫
d¯dpω−1(p)
∫
ddx Rai (x)
(
δij(d− 1)− δij d− 1
d
)
Rai (x)
=
1
4
g2Nc
(d− 1)2
d
ω−1(0, 0)
∫
ddx (Rak(x))
2 , (5.72)
where the identity ∫
ddp f(p2) tij(p) = δij
d− 1
d
∫
ddp f(p2) (5.73)
has been employed. We note here, however, that ω−1(0, 0) =
∫
d¯ dpω−1(p) is not neessarily a
well-dened quantity. Atually, if we onsider that the gluon will essentially behave like a free
partile for high momentum, ω˜(p) → p, there is an ultraviolet divergene of degree d − 1, i.e.
quadrati for d = 3. We therefore have an undened expression in the oherent state magneti
potential (5.69) whih alls for renormalization.
Renormalization
The renormalization of the vauum Green funtions as disussed in hapter 3, sues to render
the shift ∆E′[Z] := E′[Z]− E′[0] of the oherent state energy from the vauum energy nite,
as will be shown now. The ultraviolet divergene in the magneti potential energy (5.69) omes
as no surprise, for the magneti potential operator (5.40) is a highly loal objet. We now try
to single out the divergent objet from the magneti energy (5.69). To this end, we rst realize
that it is ontained in the quadrati term in the (terminating) Taylor series of Ep[Z] about
Z = 0,
Ep[Z] = 〈Hp[A+R]〉ω
= 〈Hp[A]〉ω +
〈
δHp[A]
δAi
〉
ω
Ri +
1
2!
〈
δ2Hp[A]
δAiAj
〉
ω
RiRj
+
1
3!
〈
δ3Hp[A]
δAiAjAk
〉
ω
RiRjRk +
1
4!
〈
δ4Hp[A]
δAiAjAkAm
〉
ω
RiRjRkRm (5.74)
Suh a term with a seond derivative inside a Gaussian expetation value an be rewritten as,
see Eq. (E.6) in the appendix,
E(R
2)
p [Z] =
1
2
∫
dd[xy]Rai (x)
〈
δ2Hp
δAai (x)δA
b
j(y)
〉
ω
Rbj(y)
= −2
∫
dd[xyuv]Rai (x)ω
ac
im(x, u)
δ 〈Hp〉ω
δωcdmn(u, v)
ωdbnj(v, y)R
b
j(y) (5.75)
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Note that E
(R2)
p [Z] is not given by only Edivp [Z] in Eq. (5.72) but also inludes the other term
in Eq. (5.69) that is quadrati in R.
In view of the gap equation, we know that ω was hosen to minimize the vauum energy,
δ〈H˜〉ω/δω = 0. Therefore, the divergent expression δ〈Hp〉ω/δω in Eq. (5.75) an be expressed
in terms of the kineti vauum energy 〈H˜k〉ω and the Coulomb vauum energy 〈H˜(0)C 〉ω,
E(R
2)
p [Z] = +2
∫
dd[xyuv]Rai (x)ω
ac
im(x, u)
δ
〈
Hk +H
(0)
C
〉
ω
δωcdmn(u, v)
ωdbnj(v, y)R
b
j(y) . (5.76)
The above expression is now nite if we replae the bare form fators by the renormalized ones.
To arrive at the nite expression for E
(R2)
p [Z], one needs to evaluate
δ
〈
Acm(u)A
d
n(v)
〉
ω
δωabij (x, y)
= −1
2
(ω−1)acim(x, u)(ω
−1)dbnj(v, y) (5.77a)
δ
〈
Acm(u)Q
d
n(v)
〉
ω
δωabij (x, y)
=
1
2
(ω−1)acim(x, u)
∫
ddz(ω−1)bgjk(y, z)χ
gd
kn(z, v) (5.77b)
δ
〈
Qcm(u)Q
d
n(v)
〉
ω
δωabij (x, y)
=
1
2
tacim(x, u)t
bd
jn(y, v)
−1
2
∫
ddx′(ω−1)aa
′
ii′ (x, x
′)χa
′c
i′m(x
′, u)
∫
ddy′(ω−1)bb
′
jj′(y, y
′)χb
′d
j′n(y
′, v) (5.77)
The impliit ω dependene of the form fators χ(k) and of the vauum Coulomb propagator,
F abω (x, y) := 〈F [A]〉abω (x, y) , (5.78)
is omitted in the omputation of Eq. (5.76); it would bring about two-loop terms in the
equations of motion. With the relations (5.77), Eq. (5.76) an be shown to give
E(R
2)
p [Z] =
1
2
∫
dd[xyz]Rai (x) (ω(x, y)ω(y, z) − χ(x, y)χ(y, z))Rai (z)
+
g2
4
Nc
∫
dd[xy]Fω(x, y)
×
{
−
∫
dd[uv]Rai (x)[ω(x, u) − χ(x, u)]tij(u)ω−1(u, v)[ω(v, y) − χ(v, y)]Raj (y)
+
(
tij(x)ω
−1(x, y)
) ∫
dd[uv]Rai (u)[ω(u, x)ω(y, v) − χ(u, x)χ(y, v)]Raj (v)
−2
∫
ddu Rai (x)χ(y, u)R
a
j (u)tji(y)
(
δd(y, x)−
∫
ddv ω−1(y, v)χ(v, x)
)}
(5.79)
The magneti potential energy in the oherent state thus nally yields
Ep[Z]− Ep[0] = 1
4
g2
∫
ddxf eabf ecdRai (x)R
b
j(x)R
c
i (x)R
d
j (x)
+g
∫
ddxfabc
(
∂iR
a
j (x)
)
Rbi (x)R
c
j(x) + E
(R2)
p [Z] (5.80)
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where Ep[0] is given by Eq. (3.21) and E
(R2)
p [Z] by Eq. (5.79). The shift∆Ep = Ep[Z]−Ep[0] is
indeed nite for the variational solution of the oherent eld (any divergene will be suppressed,
for Z = 0 is an option).
Solution for the imaginary part of the oherent eld
The energy E′[Z] in the oherent state sums up the magneti energy (5.80), the kineti energy
(5.60), and the Coulomb energy ontributions (5.65), (5.67) and (5.68). The real and imaginary
parts of the oherent eld Zak (x) are to be determined by the variational priniple,
δE′[Z]
δRak(x)
= 0 ,
δE′[Z]
δIak (x)
= 0 . (5.81)
Sine the YangMills Hamiltonian has ubi and quarti terms in the elds, we annot alge-
braially solve these equations. However, the energy expression is quadrati in the imaginary
part of Z. The relevant terms an be written in matrix notation as
E(I) =
1
2
IMI − bI . (5.82)
This denes the matrix M as well as b by
Mabij (x, y) = t
ab
ij (x, y)
−g2Rˆadi (x)F dcZ (x, y)Rˆcbj (y)−
g2
2
(
Tˆ a
)cd
ω−1ij (x, y)FZ
de(x, y)
(
Tˆ b
)ec
(5.83)
bak(x) = g
2
∫
ddy ρc
ext
(y)F cbZ (y, x)Rˆ
ba
k (x) (5.84)
The quadrati form (5.82) attains its minimal value E(I) = −12bA−1b for
Iak (x) =
∫
ddy (M−1)abkj(x, y)b
b
j(y) . (5.85)
In order to write down the oherent state energy E′[Z] minimal for the imaginary part of
the oherent eld, replae the elds Iak (x) by the expression (5.85). This yields the omplete
energy expression
E′[Z] =
1
4
∫
dd[xyz][ω − χ
Z
]abij (x, y)ω
−1(y, z)[ω − χ
Z
]baji (z, x)
−g
2
8
∫
dd[xy](Tˆ g)bb
′
F b
′d′
Z (x, y)(Tˆ
h)d
′d{(
ω−1
)gh
ij
(x, y)
∫
dd[uv][ω − χ
Z
]beik(x, u)ω
−1(u, v)[ω − χ
Z
]edkj(v, y)
+
(
tgdij (x)δ
d(x, y)−
∫
ddwω−1(x,w)(χ
Z
)gdij (w, y)
)
(
tbhij (x)δ
d(x, y) −
∫
ddwω−1(x,w)(χ
Z
)bhij (w, y)
)}
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− g
2
4
∫
dd[xyuv][ω − χ
Z
]acik (x, u)ω
−1(u, v)[ω − χ
Z
]cbkj(v, y)
(
Rˆi(x)FZ(x, y)Rˆj(y)
)ab
+
g2
2
∫
dd[xy]ρaext(x)F
ab
Z (x, y)ρ
b
ext(y)
+ g4
∫
dd[xyuv]ρaext(x)F
ab
Z (x, u)Rˆ
bc
i (u)
(
M−1
)cc′
ij
(u, v)Rˆc
′d
j (v)F
de
Z (v, y)ρ
e
ext(y)
+ Ep[0]
+
1
4
g2
∫
ddxf eabf ecdRai (x)R
b
j(x)R
c
i (x)R
d
j (x)
+ g
∫
ddx fabc
(
∂iR
a
j (x)
)
Rbi (x)R
c
j(x)
+
1
2
∫
dd[xyz]Rai (x) (ω(x, y)ω(y, z) − χ(x, y)χ(y, z))Rai (z)
+
g2
4
Nc
∫
dd[xy]Fω(x, y)
×
{
−
∫
dd[uv]Rai (x)[ω(x, u) − χ(x, u)]tij(u)ω−1(u, v)[ω(v, y) − χ(v, y)]Raj (y)
+
(
tij(x)ω
−1(x, y)
) ∫
dd[uv]Rai (u)[ω(u, x)ω(y, v) − χ(u, x)χ(y, v)]Raj (v)
−2
∫
ddu Rai (x)χ(y, u)R
a
j (u)tji(y)
(
δd(y, x)−
∫
ddv ω−1(y, v)χ(v, x)
)}
(5.86)
with the abbreviation
(
M−1
)bc
ij
(u, v) given as the inverse of the matrix M in Eq. (5.83).
Estimate for translationally invariant form fators
The expression (5.86) for the energy in the oherent state is quite large and it might be
useful to make rude approximations to get an idea about its main harateristis. In Eq.
(5.86), the kernel ω(x, y) is xed by the variational alulation in the absene of external
harges, see hapter 3. The other Green funtions, (DZG)
ab(x, y), F abZ (x, y) and (χZ )
ab
ij (x, y),
are dependent on the loation of the harges and thus have lost their translational invariane.
Moreover, neither the Lorentz nor the olor struture an be expeted to be trivial. Therefore,
a minimization of the energy E′[Z] is a very ostly alulation, not even vaguely omparable
to the hallenge in solving the integral equations in the vauum.
A possible simpliation is ahieved by rendering the Green funtions insensitive to the pres-
ene of quarks. Setting DZG = DG, χZ = χ and FZ = Fω, we an simplify the expression (5.86)
for E′[Z] quite signiantly,
E′[Z] = Ek[0] + E
(0)
C [0] + E
(2)
C [0] +Ep[R]
+Nc
g2
4
∫
dd[xyuv]Fω(x, y)R
a
i (x)[ω − χ](x, u)ω−1ij (u, v)[ω − χ](v, y)Raj (y)
+ g4
∫
dd[xyuv]ρa
ext
(x)Fω(x, u)Rˆ
ab
i (u)(M
−1)bcij (u, v)Rˆ
cd
j (v)Fω(v, y)ρ
d
ext
(y) . (5.87)
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The imaginary part of Z is already hosen so that E′[Z] is minimal, this gives the last term
quadrati in Fω. The term in the seond line of Eq. (5.87) is exatly anelled by the term
in Ep[R] that ame from the expetation value 〈RˆQFRˆQ〉ω, so that the energy shift ∆E′ =
E′[Z]− E′[0] yields
∆E′[Z] =
1
4
g2
∫
ddxf eabf ecdRai (x)R
b
j(x)R
c
i (x)R
d
j (x)
+ g
∫
ddxfabc
(
∂iR
a
j (x)
)
Rbi (x)R
c
j(x)
+
1
2
∫
dd[xyz]Rai (x) (ω(x, y)ω(y, z) − χ(x, y)χ(y, z))Rai (z)
+
g2
4
Nc
∫
dd[xyuv]Fω(x, y)ω
−1
ij (x, y)R
a
i (u)[ω(u, x)ω(y, v) − χ(u, x)χ(y, v)]Raj (v)
− g
2
2
Nc
∫
dd[xyuv]Fω(x, y)R
a
i (x)χ(y, u)R
a
j (u)tji(y)(
δd(y, x)−
∫
ddv ω−1(y, v)χ(v, x)
)
+g4
∫
dd[xyuv]ρa
ext
(x)Fω(x, u)Rˆ
ab
i (u)(M
−1)bcij (u, v)Rˆ
cd
j (v)Fω(v, y)ρ
d
ext
(y) . (5.88)
The prominent terms are the very rst and the very last ones, resembling the energy of the
anharmoni osillator (5.28) in an external eletri eld.
6
Approximating M ≈ 1,
∆E′[Z] = −g
2
4
∫
ddxRaj (x)Rˆ
ab
k (x)Rˆ
bc
k (x)R
c
j(x)
+g4
∫
dd[xyu]ρa
ext
(x)Fω(x, u)Rˆ
ab
k (u)Rˆ
bc
k (u)Fω(u, y)ρ
c
ext
(y) , (5.89)
and furthermore replaing the matrix RˆkRˆk by its mean diagonal elements,
Rˆk(x)Rˆk(x) ≈ 1tr Rˆk(x)Rˆk(x)
tr1
= −1 Nc
N2c − 1
φ(x) , φ(x) := Rak(x)R
a
k(x) , (5.90)
we get
∆E′[Z] = +
g2Nc
4(N2c − 1)
∫
ddxφ2(x)− g
4Nc
N2c − 1
∫
ddxφ(x)
(∫
ddy Fω(x, y)ρ
a
ext
(y)
)2
. (5.91)
The expression (5.91) attains for φ(x) = 2g2
( ∫
ddy Fω(x, y)ρ
a
ext
(y)
)2
its minimal value
∆E′[Z] = − g
6Nc
N2c − 1
∫
ddx
((∫
ddy Fω(x, y)ρ
a
ext
(y)
)2)2
. (5.92)
By dimensional analysis we nd in the infrared limit of quark separation r, noting that
Fω ∼ σCr4κ+2−d with Coulomb string tension σC , we get in general dimensions ∆E′[Z] ∼
−σ4
C
r16κ+11−4d and hene for d = 3 and κ = 12
∆E′[Z] ∼ −σ4
C
r7 , (5.93)
6
Studying the infrared limit, the third, fourth and fth terms an be negleted sine ω(k) = χ(k) for k → 0.
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a ompletely senseless result. First of all, onnement is lost sine Eq. (5.93) overwhelms the
onning potential for large r. But even worse, the energy E′[Z] is negative whih ontradits
the positive deniteness of the YM Hamiltonian.
What has been done wrong? With various ansätze, suh as for SU (2 )
Rak(x) = f
akm∂mϕ(x) , (5.94)
the energy in the form (5.87) was minimized and the erroneous large r behavior (5.93) was
onrmed. Therefore, the approximations done after Eq. (5.87) annot be blamed, the awkward
result (5.93) must ome from the use of vauum Green funtions. In a sensible approah, the
Green funtions must take into aount the presene of external harges.
The proper way to go about this has to involve solving a set of DysonShwinger equations
without translational invariane. One of these equations follows from the variational priniple,
δE′[Z]/δZak (x) = 0. The ghost propagator D
Z
G an be determined by the DSE
(DZG)
−1 = G−1[R]− ΣZ (5.95)
where the self-energy ΣZ is obtained by using the propagator D
Z
G in the denition of Σ in Eq.
(2.31). A relation for the inverse ghost propagator, suh as Eq. (5.95), might not be so useful.
Instead, the equation
DZG = DG +
∫
ddx
〈
G[A] Γ0,ak (x)R
a
k(x)G[A +R]
〉
ω
(5.96)
seems more appliable for solving the set of integral equations.
It was not attempted to solve the DSEs in the variational oherent state. Immense omputer
power would be neessary and suh a projet is at best problematial. In the upoming setion,
the eet of the oherent eld on the onning property of the heavy quark potential will be
disussed with alternative methods.
5.4 The gluon hain
Having learned from rst approximations that the Green funtion need to be sensitive to the
presene of external harges in order to arrive at a sensible result, we try to make estimates for
suh Green funtions in this setion. The quest for the orret wave funtional has been long-
standing. After Dira's desription of the abelian ase [158℄, the generalization to YM theories
proved to be diult [159℄. There have been various attempts of formulating ux tube models
(see e.g. Ref. [160℄), alulations in the Hamiltonian approah to QCD [161℄, and also lattie
alulations [162℄ that elaborate on the subjet of the ground state in the presene of heavy
quarks. One of the most intuitive notions might be the gluon hain model [163, 164, 165℄, and
we will ome bak to it below.
An advantage of the variational approah is that any ansatz for the wave funtional will do.
A too wild guess will be rejeted if it leads to a rise in the energy. If the ansatz is somewhat
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sensible, however, and a derease in the energy an be deteted, this wave funtional is to be
favored over the vauum wave funtional. A desription of the bak reation of the presene of
external harges on the vauum wave funtional is then found. With this reasoning, we here try
to nd a oherent eld Zak (x) that leads to a lowering of the infrared Coulomb propagator. At
very high quark separation, the Coulomb energy E
(2)
C [Z] an be expeted to give a dominant
ontribution. We will now fous on the alulation of the respetive expetation value in the
oherent eld.
Note that the Coulomb propagator FZ orresponds to the vauum ounterpart Fω with the
oherent eld R as a bakground eld,
FZ = 〈F [A+R]〉ω =
∫
DA |Ψ˜[A]|2 exp
[∫
d3xRak(x)
δ
δAak(x)
]
F [A] . (5.97)
We nd a series in the oherent eld where eah term is treated using the identity
δG[A]
δAak(x)
= G[A]Γ0,ak (x)G[A] . (5.98)
Ating on the Coulomb operator F = GG−10 G, the variational derivative generates a sum of
terms,
δF [A]
δAak(x)
= F [A]Γ0,ak (x)G[A] +G[A]Γ
0,a
k (x)F [A] . (5.99)
One an hek that the ombinatorial fators anel the 1/n! from the expansion of the expo-
nential funtion in Eq. (5.97), and one obtains
7
FZ = 〈F + FMG+GMF + FMGMG +GMFMG+GMGMF + . . .〉ω
= 〈(1+GM +GMGM + . . . )F (1+MG+MGMG+ . . . )〉ω
≈
∑
m
∑
n
(DGM)
mFω(MDG)
n
(5.100)
with the abbreviation
Mab(x, y) =
∫
d3zRck(z)
(
Γ0,ck (z)
)ab
(x, y) , (5.101)
where the tree-level ghost-gluon vertex Γ0,ak (x) was dened in Eq. (2.20). In the last line of
Eq. (5.100), the approximation of fatorizing the Coulomb expetation value was employed
(for a disussion, see setion 3.6). We have thus expressed the Coulomb propagator FZ in the
oherent eld by vauum expetation values, i.e. the vauum ghost propagator DG and the
vauum Coulomb propagator Fω (5.78), and the oherent eld itself via M in Eq. (5.101).
The Coulomb potential V ZC (r) in the oherent eld is dened for a given harge distribution
ρa
ext
(x) by
V ZC (r) :=
g2
2
∫
d3[xy]ρa
ext
(x)F abZ (x, y)ρ
b
ext
(y) , (5.102)
7
A proof is given by showing (Rk
δ
δAk
)nG = n!(GM)nG by indution, whih is trivial, and plugging it into
G[A+R] =
P
n
1
n!
(Rk
δ
δAk
)nG[A] whih leads with F = GG−10 G diretly to the seond line in Eq. (5.100).
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Figure 5.2: The Coulomb propagator in the oherent eld, denoted by
the double line on the l.h.s., and its expansion (5.100). The solid lines
represent vauum Coulomb propagators, the dashed lines vauum ghost
propagators, the dots are tree-level ghost-gluon verties, and the wiggly
lines indiate that gluons are exited by the oherent eld.
f. the vauum Coulomb potential VC in Eq. (2.73). With two point-like heavy harges loated
at the origin and at r,
ρa
ext
(x) = δa3
(
δ3(x)− δ3(x− r)) , (5.103)
one may think of the expetation value in Eq. (5.102) as shown in Fig. 5.2. As the harges
are separated by a large distane r, it an be energetially more favorable to exite a gluon
in between the harges. This notion basially orresponds to the gluon hain model proposed
in Refs. [163, 164, 165℄. These gluons possibly sreen the potential and thus aount for a
lowering of the Coulomb string tension σC to the string tension σW from the gauge invariant
Wilson loop. Moreover, with exited gluons along the ux tube, the thikness of the string
(laking for the one-gluon exhange) may be generated. The oherent state is suitable to hek
whether this mehanism is realized in the framework of the variational approah.
The guiding properties for hoosing an ansatz for the oherent eld are transversality and
symmetry. Firstly, let us exploit transversality. The oherent eld Zak (x), here the real part
Rak(x), is always projeted transversally, i.e. it ours only in the form tjk(x)R
a
k(x). Without
loss of generality, we an therefore set
Rak(x) = ǫkij∂ih
a
j (x) (5.104)
and determine the eld hak(x) instead.
Seondly, we an assume that the symmetry of the harge distribution is mirrored in the eld
Rak(x). While in the absene of harges, the Green funtions are translationally invariant,
a harge distribution ρa
ext
(x) will remove this invariane, yet leaving us with some weaker
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symmetry. Assume for instane, one of the harges is loated at the origin of our oordinate
system, and the seond harge is smeared on the surfae of a onentri sphere with radius r,8
ρa
ext
(x) = δa3δ3(x)− δa3 1
4πx2
δ(|x| − r) (5.105)
The exhange energy is the same as for the harge distribution Eq. (5.103), and the hoie
(5.105) may therefore equally be used for the purpose of these investigations. We refer to
the setting (5.105) as the sphere piture and Eq. (5.103) as the string piture. For the harge
ontribution of the sphere piture (5.105), the oherent eld Zak (x) an be expeted to be point
symmetri,
Za(Dx) = DZa(x) , (5.106)
that is, for any rotation D ∈ SO(3 ) about an axis that ontains the origin x = 0, it behaves
aording to Eq. (5.106). Expanding Za(x) in spherial oordinates, this means that the
oeients merely depend on the distane |x| from the origin, The eld ha(x) dened in
Eq. (5.104) inherits this property from Zak (x) via Eq. (5.32) and suggests an expansion into
spherial oordinates. On the other hand, if we use the string piture, see Eq. (5.103), only
a ylindrial symmetry may be expeted, i.e. the rotations D are restrited to those about
the symmetry axis along r0. It is then useful to deompose h
a(x) in the ylindrial basis
Bx = {eρ(x), eϕ(x), ez} with ez ‖ r0,
ha(x) = haρ(ρ, z)eρ(x) + h
a
ϕ(ρ, z)eϕ(x) + h
a
z(ρ, z)ez . (5.107)
Now onsider the gluon hain integral (5.100).
9
Plugging in the denition of the eld hak(x)
into the matries M , any integral involving hak(x) is of the form
10
[DGMDG](z,y) = gǫijk
∫
d3x ∂zi DG(z,x)hˆj(x)∂
x
kDG(x,y) = (5.108)
The above objet orresponds to one hain link and the entire gluon hain is a onvolution
of hain links we intend to re-sum.
We may hoose the rst integrations as the one where the harge sitting at the origin is attahed
to the ghost line. This orresponds to setting z = 0 in Eq. (5.108). The distane r between
the harges being onsidered very large, the infrared asymptoti forms of the vauum ghost
propagator may be used. From the momentum spae expression (see table 2.1), we nd the
dimensionally regularized (d = 3 + 2ǫ) oordinate spae ghost propagator
DG(x,y) =
∫
d¯dk
B
(k2)1+κ
eik·(x−y) =
B
(4π)d/2
Γ
(
d
2 − (1 + κ)
)
Γ(1 + κ)
(
(x− y)2
4
)(1+κ)− d
2
, (5.109)
8
The bold type notation for vetors is reinstated for the remainder of this hapter.
9
A transformation to momentum spae would be, on the one hand, onvenient sine the infrared asymptoti
vauum Green funtions from hapter 2 an be used. However, a subtlety is aompanied by the Fourier
transformation. The real part of the oherent eld in oordinate spae,
1
2
(Z(x)+Z(x)∗), transfers to 1
2
(Z(k)+
Z(−k)∗) and only by knowledge of the parity properties of Z(x) an we tell whether the above momentum
spae quantity is real, purely imaginary, or omplex.
10
Reall that a aret denotes an objet in the adjoint representation. Here: hˆj(x) = Tˆ
ahaj (x).
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and taking the derivative as in Eq. (5.108) gives for κ = 12 and d = 3,
∂xkDG(x,y) =
B
4π2
∂xk Γ(ǫ) e
−ǫ ln (x−y)
2
4
∣∣∣∣
ǫ→0
= − B
2π2
xk − yk
(x− y)2 . (5.110)
Plugging this into the hain link (5.108), we get
[DGMDG](0,y) = −gB
2
4π
∫
d3x
hˆ(x) · (x× y)
x2(x− y)2 (5.111)
The vetor h(x) is expanded in the ylindrial basis Bx, see Eq. (5.107), and we expand
x = ρx eρ(x) + zx ez and y = ρy cosϕ eρ(x) − ρy sinϕ eϕ(x) + zy ez aordingly. The outer
produt in Eq. (5.111) then reads
x× y =
 ρyzx sinϕρyzx cosϕ− ρxzy
−ρxρy sinϕ

Bx
. (5.112)
The ϕ-integration eliminates both the ρ- and the z-omponent of ha(x) in Eq. (5.111). To
prove this, note that both hˆk = hˆk(ρ, z) ∀k and the produt x · y = ρxρy cosϕ + zxzy that
ours in the denominator are even funtions in ϕ. The omponents hˆρ and hˆϕ ontribute with
the outer produt (5.112) a fator of sinϕ, odd in ϕ, and hene must vanish. We are left with
hˆϕ(ρ, z), the only funtion that will ontribute to the orretions to the Coulomb propagator.
In order to estimate the eet of the infrared (|x| → ∞) behavior of ha(x), we swith to the
sphere piture. This is ahieved by letting y ‖ ez whih infers ρy = 0, ρy ≡ y, and cosϕ = 1.
On the assumption that a non-vanishing hˆϕ omponent an be realized in the sphere piture,
use the ansatz
hˆϕ(x) ∼ 1|x|αh . (5.113)
By virtue of the homogeneity of the funtions in the hain link integral (5.111), one an show
that for αh < 1, the infrared strength of the Coulomb propagation is weakened by eah hain
link in the series in Fig. 5.2. This means that for r →∞, the only linearly rising term would
be the very rst one of the expansion, the vauum Coulomb propagator Fω. On the other
hand, if αh > 1, the infrared strength is enhaned by eah hain link integral, meaning that
for some minimal number of hain links, the integral would be divergent. Suh a hoie will
be avoided by the variational priniple. If (and only if) αh = 1, eah hain link produes a
onstant fator and all terms of the expansion ontribute to a linearly rising potential. The
numerial value of this fator an be omputed by means of the two-point integral (B.26) in
the appendix whih applies to Eq. (5.111) by∫
d3x
|x× y|
|x|3(x− y)2 = 2π
2 . (5.114)
The string piture will require a more involved alulation but the statement aimed at here is
only on a qualitative level. It shall only be noted that with the hoie αh = 1, the hain link
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integrals in
11
[DGMDG
←−
∂k](0,y) = LˆDG(0,y)
←−
∂k (5.115)
yield a alulable onstant Lˆ, here not given expliitly. It is only important to remark that Lˆ
is a matrix made of real numbers.
12
Integrating the gluon hain (5.100) from left to right,
every hain link produes a fator of Lˆ in the infrared limit,
V ZC (r →∞)
=
g2
2
∫
d3[xy]ρa
ext
(x)
(
1+ Lˆ+ LˆLˆ+ . . .
)ab
F bcω (x,y)
(
1+ Lˆ+ LˆLˆ+ . . .
)cd
ρd
ext
(y)
(5.116)
The exitation of a single gluon at rst sight seems to lower the Coulomb interation if Lˆ < 0
(whih depends on the self-onsistent solution for Zak (x)).
So far, the olor struture has been suppressed. Reall that Lˆ = LaTˆ a is a olor matrix in
the adjoint representation. The Coulomb energy V ZC (r) in Eq. (5.116) is sensitive only to the
diagonal element F 33Z . The diagonal elements vanish for Lˆ. Therefore, the exitation of a
single gluon does not ontribute to the Coulomb energy. The gluons have to ome in pairs. If
we turn now to SU (2 ), two hain links are seen to produe a fator
1 1
3 3 +
2 2
3 3
.
= −2
(
(L1)2 + (L2)2
)
1
whih is manifestly negative. These ontributions therefore lower the Coulomb interation,
due to the olor struture. We will now proeed to re-sum the entire series (5.116) for SU (2 ).
There are two geometri series in Lˆ ourring in the gluon hain (5.116). The value of the
series an be omputed by noting that with L2 =
∑
a L
aLa,(
LˆLˆ
)ab
= LaLb − δabL2 , (5.117)
whih leads to the following result for odd and even powers of Lˆ,(
Lˆ
)2n+1
=
(−L2)n Lˆ , (Lˆ)2n+2 = (−L2)n LˆLˆ . (5.118)
Hene, a geometri series in the matrix Lˆ an be expressed by a geometri series in the number
−L2,
C = 1 + Lˆ+ LˆLˆ+ · · · = 1+
∞∑
n=0
(
Lˆ
)2n+1
+
∞∑
n=0
(
Lˆ
)2n+2
= 1+
1
1 + L2
Lˆ+
1
1 + L2
LˆLˆ . (5.119)
11
The oordinate spae ghost propagator an only be dened as a distribution. Therefore, we at with a
derivative from the right on it whih is always present in the gluon hain (see Fig. 5.2).
12
It is not as straightforward to keep trak of the omplex phase in momentum spae.
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The series onverges if
L2 < 1 , (5.120)
and the elements of C are found in view of Eq. (5.117),13
Cab =
1
1 + L2
(
δab + LaLb + Lˆab
)
. (5.121)
The Coulomb potential in the oherent eld V ZC (r), see Eq. (5.116), depends on the matrix
element (CC)33. Dening a string tension σZ by the infrared limit of the Coulomb potential
V ZC (r) in the oherent eld,
V ZC (r →∞) = (CC)33σCr =: σZr , (5.122)
we get from Eq. (5.121) that
14
σZ =
1− L2 + (3 + L2) (L3)2
(1 + L2)2
σC . (5.123)
The variables L2 and L3 are entangled by the onvergene ondition (5.120). With spherial
oordinates in olor spae, ξ := |L| and L3 =: |L| cos η, Eq. (5.123) an be expressed in terms
of independent variables 0 < ξ < 1 and 0 < η < π,
σZ =
(
1− sin2 η (3 + ξ
2)ξ2
(1 + ξ2)2
)
σC . (5.124)
It is thus seen that
0 < σZ < σC , (5.125)
i.e. the Coulomb string tension is indeed lowered by the exitation of gluons. This very notion
was proposed in the gluon hain model and it follows here from an ansatz for the wave funtional
of SU (2 ) YM theory with heavy quarks. The upper bound, σZ = σC is reahed only if η = 0,
i.e. |L| = L3.
Depending on the oherent eld Zak (x), the string tension σZ ould in priniple be lowered
just above zero. In this ase, L has no omponent along the olor vetor ρext(x), i.e. η =
π
2 ,
and its length is maximal, i.e. |L| ր 1. Thus, we nd σZ ց 0. However, one may expet that
this leads to a rise in the magneti potential energy. Adding more and more gluons into the
Coulomb interation must inrease this part of the energy sine it is ultraloal in the oherent
eld, see Eq. (5.80). At a given mean number of exited gluons (the peak of the Poisson
distribution), a saturation of the energy must our. Realizing this eet omputationally
may be diult, though. If the magneti potential energy indeed saturated the number of
gluons for large separations r, it would have to also rise linearly in r, otherwise it would be
negligible in the asymptoti infrared.
13
This matrix is the inverse to 1− Lˆ, as one may expet.
14
This result is sensitive to the approximations made above. At this stage, only qualitative statements an
be made.
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5.5 Squeezed states
Although the estimate of the Coulomb propagator in the oherent state in the previous setion
indiated a lowering of the string tension, it is not lear whether a full self-onsistent solution
will exhibit the same feature. A possible alternative desription of the bak reation of the
gluoni setor on the external harges may be motivated, again, from the quantum mehani
harmoni osillator. In three dimensions, the harged osillator an be studied in an external
uniform magneti eld B = Be‖ whih ouples to the angular momentum. To this end, the
Hamiltonian (5.10) is supplemented by the substitution
pk → pk − qAk , A = −1
2
x×B . (5.126)
The new Hamiltonian H ′ = H +HP +HD ontains the Larmor frequeny ωL = − qB2m linearly
in the paramagneti term
HP = ωLL‖ , (5.127)
and quadratially in the diamagneti term
HD =
1
2
mω2Lx
2
⊥ . (5.128)
The oupling of the angular momentum operator L = x×p to the external magneti eld B in
HP (5.127) is reminisent of the oupling of the dynamial harge ρ
a
dyn
(x) of YM theory to the
external harge ρa
ext
(x) in the Coulomb interation ρ
dyn
Fρ
ext
. This similarity is aknowledged
by noting that ρa
dyn
= −Aˆab ·Πb is an outer produt of oordinate and momentum operators,
albeit in olor spae, just like the angular momentum L. For the alulation of the energy in
the oherent state, this has important onsequenes, as will be seen.
Before we fous on the oherent state, let us give the exat ground state solution of the rather
simple Hamiltonian H ′. The primed quantities always inlude the eet of the external eld.
Thus, we an interpret
H +HD =
1
2
ω
(
σ2p2‖ + σ
−2x2‖
)
+
1
2
ω′
(
σ′2p2⊥ + σ
′−2x2⊥
)
(5.129)
as one harmoni osillator of frequeny ω (and width σ2 = 1mω ) in the e‖-diretion, and two
osillators perpendiular to it with frequeny ω′ = (ω2 + ω2L)
1/2
(and width σ′2 = 1mω′ ). Using
the annihilation operators
a‖ =
1√
2
(
σ−1x‖ + iσp‖
)
, ak =
1√
2
(
σ′−1xk + iσ
′pk
)
, k = x, y , (5.130)
where a⊥ = axex + ayey, the Hamiltonian H
′
an be re-expressed, but the paramagneti part
HP is still not diagonal. By means of a Bogoliubov transformation,
a± =
1√
2
(ax ± iay) , (5.131)
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the omplete Hamiltonian is diagonal,
H ′ = ω
(
a†zaz +
1
2
)
+ ω′
(
a†+a+ + a
†
−a− + 1
)
− ωL
(
a†+a+ − a†−a− + 1
)
, (5.132)
in the orthogonal basis of the states (a†+)
n+(a†−)
n−(a†z)nz |0〉. The exat ground state of H ′
therefore has the energy
E′0 =
1
2
ω +
√
ω2 + ω2L >
3
2
ω = E0 , (5.133)
i.e. it is higher than without the external eld (ωL = 0). The interesting part is that the exat
ground state ψ′0(x) = ψ
′
0,‖(x)ψ
′
0,⊥(x) is Gaussian,
ψ′0,‖(x) =
1
(πσ2)1/4
e
− 1
2
x2
‖
/σ2
, (5.134)
ψ′0,⊥(x) =
1
(πσ′2)1/2
e−
1
2
x2⊥/σ
′2
, (5.135)
but the width σ′ in the diretions perpendiular to the external eld B is hanged, as ompared
to the width σ of the Gaussian in the diretion parallel to B. By swithing on the external
eld B, the ground state wave funtion is squeezed by a fator smaller than 1,
σ′ = 4
√
1
1 +
ω2L
ω2
σ , (5.136)
in perpendiular diretions.
The eet of squeezing annot be expeted from a oherent state whih merely shifts the
vauum wave funtional. We now onstrut a oherent state in the eigenbasis of H, and
determine the parameters zk by minimizing E
′(z) := 〈z| H ′ |z〉. This is equivalent to the
approah in YM theory, see setion 5.3. The minimal value E′(z) an then be ompared to E′0
in Eq. (5.133).
Dene the oherent state by
|z〉 = ez·a†−z∗·a |0〉 , a = 1√
2
(
σ−1x+ iσp
)
(5.137)
and alulate the oherent state energy E′(z) = E(z) + EP (z) + ED(z),
E(z) = ω
(
(Im z)2 + (Re z)2 +
3
2
)
(5.138a)
EP (z) = 2ωL (Re z⊥ × Im z⊥) · e‖ (5.138b)
ED(z) =
1
2
mω2L
(
σ2 + 2σ2(Re z⊥)
2
)
(5.138)
Note that the oupling of the angular momentum to the magneti eld brings about a term
EP (z) linear in Im z⊥. This also ours in the energy expression (5.86) of YM theory where
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the oupling of ρ
dyn
to ρ
ext
is responsible for suh a term. By quadrati ompletion, it is easily
found that for Im z = ωLω Re z× e‖ the energy E′(z) is minimal. In this ase,
E′(z) = E0 + ω
(
1− ω
2
L
ω2
)
(Re z⊥)
2 + ω(Re z‖)
2 + ED(z)
=
3
2
ω +
1
2
ω2L
ω
+ ω(Re z)2 . (5.139)
Minimizing this expression w.r.t. Re z, one nds that Re z = 0 and thus Im z = 0. Therefore,
the trivial solution |z〉 = |0〉 is energetially most favorable. In the rst line of Eq. (5.139)
one might hope for a non-trivial solution due to the minus sign. Suh a situation ours also
in YM theory. However, this negative term is exatly anelled by the diamagneti energy
(5.138) with σ2 = 1mω . Sine the oherent state with Z = 0 still gives a higher energy than
the exat ground state energy (5.133),
E′(0)− E′0 = ω
(
1 +
1
2
ω2L
ω2
−
√
1 +
ω2L
ω2
)
> 0 , (5.140)
it must be inferred that the oherent state annot mimi the squeezing of a Gaussian wave
funtion.
Of ourse, the omparison of the oherent state to the quantum mehanial harmoni osillator
and the YangMills theory is by no means supposed to indiate a omplete analogy. For
instane, quarti and ubi terms may allow for a nontrivial shifted ground statethe oherent
stateto be energetially more favorable. Also, the oupling of the outer produt ρ
dyn
to
the external eld in YM theory is mediated by the Coulomb operator F [A] whih is dependent
on the eld operator A itself. Suh a situation is not enountered for the harmoni osillator
and we have seen in the previous setion that the expetation value of F [A] in the oherent
state may alone provide part of the desired eet. Despite these dierenes of the osillator
oupled to a magneti eld on the one hand and the gluoni vauum with external harges on
the other, it might be a useful idea to onsider squeezed states as an alternative to oherent
states. This is a possible future investigation. An introdution to squeezed states an be found
in the literature on quantum optis [166℄.
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The gauge priniple, whih is the main ingredient in the very denition of the gauge eld setor,
reurs in all aspets of YangMills theory. Starting with the quantization proedure, disussed
in hapter 1, gauge invariane requires a areful treatment whih is partiularly diult for
nonabelian gauge groups. The generator of (time-independent) gauge transformations is the
Gauss law operator. In the anonial quantization approah, it is not possible to promote the
Gauss law to an operator identity. We have shown that by means of xing the gauge ompletely
on the lassial level and imposing quantization onditions within the Dira braket formalism,
the Gauss law does hold on the quantum level. The gauge-xed Hamiltonian operator thus
derived determines an unambiguous time evolution of the quantum system. It agrees with
the Christ-Lee Hamiltonian [24℄ where a projetion on gauge invariant states is employed.
This agreement is notably reassuring in the sense that there is no ambiguity in the hoie
of the quantization proedure. For YangMills theory in the temporal Coulomb gauge, it
makes no dierene whether Dira quantization (rst quantize, then onstrain) or onstrained
quantization (rst onstrain, then quantize) is used. In the light of the gravitational fore, the
method of quantization is to date a ontroversial issue.
In the temporal Coulomb gauge-xed onguration spae of YangMills theory, the uniqueness
of the gauge xing ondition demands the restrition to a ompat region, the fundamental
modular region. In the GribovZwanziger senario, this infers the enhanement of boundary
eets in that region. We have investigated in hapter 2 the onsequenes for the Green fun-
tions in the temporal Coulomb gauge in d spatial dimensions of (d+1)-dimensional Minkowski
spaetime. The Landau gauge results for (d + 1)-dimensional Eulidean spaetime an be
obtained by shifting d → d + 1. In the temporal Coulomb gauge, the stohasti vauum
(Ψ[A] = 1) is suient to aount for the infrared asymptotis of the theory. The horizon
ondition, whih enhanes the ghost propagator in the infrared, is along with the nonrenor-
malization of the ghost-gluon vertex the most important feature for the infrared behavior of
propagators in the temporal Coulomb or the Landau gauge. Using power law ansätze for these
propagators, the set of DysonShwinger equations was solved with a tree-level ghost-gluon
vertex. A single infrared exponent κ an be extrated to speify the infrared power laws of both
the ghost and gluon propagators, for a given dimension d. In the 3 + 1 dimensional Coulomb
gauge, the result κ = 12 is shown to yield a heavy quark potential whih rises linearly. Quark
onnement is thus, qualitatively speaking, a onsequene of the horizon ondition. It was
argued that this result, is not neessarily unique. First of all, there is one further solution for
d = 3, κ ≈ 0.398, whih leads to a Coulomb potential VC(r) that rises less than linearly [83℄.
With the Coulomb potential being an upper bound to the gauge invariant quark potential
VW (r), the latter solution would indiate that VW (r) also rises less than linearly, ontraditing
the lattie results. In this sense, it is more likely that the solution κ = 12 is realized. Moreover,
the o-shell gauge ondition introdues an additional parameter ζ into the infrared analysis,
on whih the solution for κ generally depends, due to the approximation of the ghost-gluon
vertex. It was found that all solutions but the one for d = 3 and κ = 12 depend on the value of
ζ. This infers that the latter solution is less sensitive to the approximations made. Its orre-
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sponding ontinuous branh of solutions κa(d) =
d
2 − 1 as a funtion of the dimension d exists
for all d, even for very high dimensions where the other solutions ease to exist (see Fig. 2.6).
The infrared power laws were furthermore extended by an ansatz that inorporates powers of
logarithms in the infrared. It was found that values for these exponents exist for whih the set
of integral equations is also solved in the asymptoti infrared. The power law exponents, how-
ever, remain unhanged. Hene, there is a degeneray in the asymptoti power law solutions,
also for d = 3 and κ = 12 . Qualitatively, the logarithmi orretions do not hange the power
law behavior and thus also not the onning property of the Coulomb potential.
A full solution for the propagators of YangMills theory in the temporal Coulomb gauge
is expeted to show both, the infrared behavior that infers onnement and the ultraviolet
behavior that agrees with perturbation theory. The variational solution to the YangMills
Shrödinger equation, disussed in hapter 3, provides suh a solution approximatively. The
Gaussian types of wave funtionals were shown to reprodue exatly the infrared behavior
(κ = 12) antiipated in the previous hapter. Thus, numerial results with a linearly onning
potential were obtained [86℄. While the propagators are insensitive to the details of the wave
funtional, it was found that the three-gluon vertex is extremely dependent on it. For one
wave funtional onsidered, it is equally zero, whereas for another it shows a strong infrared
enhanement. However, in the DysonShwinger equations of the propagators the dressing of
the three-gluon vertex was found to have no eet in the infrared [103℄. The ghost-gluon vertex
was studied in the infrared gluon limit from its orresponding DysonShwinger equation. It
was shown that generally the infrared limits of the vertex' momenta are not interhangeable,
exept for the solution d = 3 and κ = 12 . Again, the regularity of the vertex indiates that
this solution may be favored. Chapter 3 is furthermore onerned with the assessment of the
approximation of the Coulomb form fator. It was shown that the horizon ondition needs to be
relaxed in order to arrive at a solution that satises the Coulomb form fator DSE. The infrared
analysis of the ghost DSE and the Coulomb form fator DSE proves that a simultaneous
solution with infrared divergent form fators is impossible. The so-alled subritial solution
[120℄ where the form fators are infrared nite solves all DSEs but does not provide the expeted
infrared behavior of the quark potential. If a ritial solution exists, then the Coulomb form
fator DSE, as it stands, will be violated. Higher-order eets must then be inluded. An
approah that inludes higher-order eets may be to alulate the gap equation in the form
of Eq. (E.14) up to two loops (avoiding a three-loop expression for the energy density). This
may be tedious but possible.
The ultraviolet tails of the variational solutions for the Coulomb gauge Green funtions have the
orret power law behavior but the anomalous dimensions, related to the powers of logarithms,
turn out inorret. This might be an eet of the simple Gaussian shape of the wave funtional.
In hapter 4, the ultraviolet gluon energy ω(k) ∼ k ln3/11 k and ghost form fator d(k) ∼
1/ ln4/11 k were motivated. This followed from a nonperturbative denition of the running
oupling by the ghost-gluon vertex. In a alulation arried out in both Landau and Coulomb
gauge, the ghost DSE was analyzed in the asymptoti ultraviolet using appropriate ansätze.
From the requirement that the nonperturbative running oupling oinide with the ultraviolet
limit of perturbation theory, it an be dedued what the anomalous dimensions are to leading
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order. The way to reprodue these anomalous dimensions must be to extend the Gaussian
wave funtional. At the very least, the gluon loop must be inluded. A non-trivial dressing of
the three-gluon vertex, similar to Landau gauge studies, is most probably neessary. This is a
possible future investigation.
Moreover, hapter 4 dealt with the infrared limit of the running oupling whih an be alu-
lated analytially. In all gauges that interpolate between the Landau and the Coulomb gauge,
this value is the same, but hanges disontinuously in the Coulomb gauge limit [103℄. Vertex
orretions to the infrared limit of the running oupling were also alulated, showing that the
only solution that has no vertex orretion is the one where d = 3 and κ = 12 .
The nal hapter 5 uses a quasi-partile representation of gluoni exitations to inorporate
the bak reation of the presene of external harges on the gluon setor. To this end, oherent
states are motivated from quantum mehanial examples. The alulation of the YangMills
energy in the oherent state produes a vast expression that depends on a loalized bakground
eld. It was possible to remove divergenes from this expression by usage of the gap equation.
Even after the expliit variational solution for the imaginary part of the bakground eld, the
energy expression requires some approximation to be proessed further. A rst approximation,
rendering the Green funtion insensitive to the presene of external harges, yielded senseless
results. Subsequently, the Coulomb potential was estimated in the asymptoti infrared by
an ad ho ansatz for the bakground eld. It was possible to expand, alulate, and resum
this expetation value and indeed show that the string tension an be lowered by suh an
ansatz. The determination of the exat fator by whih the string tension is lowered, requires
further investigation. Another quantum mehanial example was put forward to motivate that
squeezed states may serve equally well for the inorporation of external harges.
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A Conventions and notation
A.1 Units, metri and group onventions
Throughout this thesis, natural units are used,
~ = c = 1 . (A.1)
Sine ~c ≈ 200MeV fm−1, Eq. (A.1) infers that 1 fm orresponds to 200MeV. The Minkowski
metri is here dened by the metri tensor
(gµν) =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1
 (A.2)
Antihermitian generators of group transformation in SU(Nc) are normalized as follows. For
the fundamental representation, we hoose
tr
(
T aT b
)
= −1
2
δab (A.3)
and for the adjoint representation
tr
(
Tˆ aTˆ b
)
= −facdf bcd = −Ncδab . (A.4)
It follows that
tr
(
Tˆ aTˆ bTˆ c
)
= −fadef begf cgd = −Nc
2
fabc . (A.5)
A.2 Notation
In momentum spae integration, the phase spae fator 2π is absorbed by the denition
d¯dk :=
ddk
(2π)d
, (A.6)
in analogy to ~. In the ase of multiple integrations, the abbreviation
d[xyz] = dx dy dz (A.7)
is frequently used.
Matries in oordinate and intrinsi spae, for instane G, have the omponents Gab(x, y). The
funtional trae Tr is then dened by
TrG =
∫
dd[xy]δd(x, y)δabGab(x, y) (A.8)
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Funtional determinants an be related to the funtional traes (A.8) by the identity DetG =
expTr lnG.
The Fourier transformation of a funtion O(x), operating on spaetime, denes by
O(x) =
∫
d¯dp O˜(p) eip·x (A.9)
the funtion O˜(p) operating on momentum spae. Although these are dierent funtions, the
tilde is often omitted. For a funtion of two variables, we may dene a Fourier transform by
O(x, y) =
∫
d¯d[pq] eip·x O˜(p, q) e−iq·y . (A.10)
In translationally invariant systems, O(x, y) = O(x− y), and
O˜(p, q) =
∫
dd[xy] e−ip·xO(x, y) eiq·y
=
∫
ddy ei(q−p)·y
{∫
ddx e−ip(x−y)O(x− y)
}
= (2π)dδd(p− q)O˜(p) , (A.11)
suh that the propagator-like objet O(x−y) is diretly related to O˜(p) via Eq. (A.9). Whereas
in oordinate spae, a matrix in oordinate and intrinsi spae is denoted by a single symbol,
for instane G, the Fourier transformed objet is usually a funtion of a single momentum
sale and has no olor struture, f. Eq. (2.11).
Higher n-point funtions are dened equivalently. A vertex funtion with translational invari-
ane, O(x, y, z) = O(x− y, x− z), leads to
O˜(k, q, p) =
∫
dd[xyz] e−ik·xO(x, y, z) e−iq·y e−ip·z
=
∫
ddz e−i(p+q+k)·z
{∫
dd[xy] e−ik·(x−z)O(x− y, x− z) e−iq·(y−z)
}
= (2π)dδd(p + q + k)O˜(k, q) (A.12)
and momentum is onserved by the delta funtion. Choosing the momentum routing sets the
signs in the exponent of the denition of the Fourier transform.
Funtional derivatives an be shown to yield
δ
δO(x) =
∫
d¯dp e−ip·x
δ
δO˜(p) . (A.13)
Note that the sign in the exponent is opposite of that in Eq. (A.9).
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B Two-point integrals
Here we sketh the evaluation of nonperturbative Eulidean loop integrals in asymptoti limits.
Aording to the disussion on page 72, we an replae the integrands by their asymptoti forms
and enounter the two-point integrals
Ξm(α, β) :=
∫
d¯dℓ
(ℓ · k)m
(ℓ2)α((ℓ− k)2)β , α, β ∈ R , m ∈ N . (B.1)
These an be shown to be homogeneous funtions of the momentum k. By a saling of the
integration variable, ℓ → λℓ, one readily nds that sine the two-point integral an only
depend on the sale, it should obey Ξm(α, β) ∼ (k2)κ and the exponent of the power law an
be determined to be κ = d/2 − α − β + m. After applying the usual trik of introduing
Feynman parameters,
1
Cα1 C
β
2
=
1∫
0
dx
1∫
0
dy δ(x + y − 1) x
α−1yβ−1
(xC1 + yC2)α+β
1
B(α, β)
, (B.2)
where B(α, β) is the Euler beta funtion, we an shift the integration variable, ℓ → ℓ − yk.
The integrand then depends on ℓ2 only and we an integrate it out. For m = 0, 1, 2, 3 we need
the following standard integrals [2℄:∫
d¯dℓ
(ℓ2 +∆)n
=
1
(4π)d/2
Γ(n− d/2)
Γ(n)
(
1
∆
)n−d/2
(B.3)∫
d¯dℓ ℓiℓj
(ℓ2 +∆)n
=
1
2
δij
1
(4π)d/2
Γ(n− d/2− 1)
Γ(n)
(
1
∆
)n−d/2−1
(B.4)
Integrals with an odd number of vetors ℓ in the numerator vanish by symmetry. For our
purposes, we have ∆ = xyk2. The two-point integrals an be straightforwardly omputed
using the identity
1∫
0
dx
1∫
0
dy δ(x+ y − 1)xα−1yβ−1 = B(α, β) = Γ(α)Γ(β)
Γ(α+ β)
(B.5)
for the Euler beta funtion. One then nds the results
Ξ0(α, β) =
1
(4π)d/2
Γ(d/2− α)Γ(d/2 − β)Γ(α+ β − d/2)
Γ(α)Γ(β)Γ(d − α− β) (k
2)d/2−α−β (B.6a)
Ξ1(α, β) =
1
(4π)d/2
Γ(d/2− α+ 1)Γ(d/2 − β)Γ(α + β − d/2)
Γ(α)Γ(β)Γ(d − α− β + 1) (k
2)d/2−α−β+1 (B.6b)
Ξ2(α, β) =
1
(4π)d/2
Γ(d/2− α+ 2)Γ(d/2 − β)Γ(α + β − d/2)
Γ(α)Γ(β)Γ(d − α− β + 2) (k
2)d/2−α−β+2
+
1
2
1
(4π)d/2
Γ(d/2 − α+ 1)Γ(d/2 − β + 1)Γ(α+ β − d/2− 1)
Γ(α)Γ(β)Γ(d − α− β + 2) (k
2)d/2−α−β+2 (B.6)
Ξ3(α, β) =
1
(4π)d/2
Γ(d/2− α+ 3)Γ(d/2 − β)Γ(α + β − d/2)
Γ(α)Γ(β)Γ(d − α− β + 3) (k
2)d/2−α−β+3
+
3
2
1
(4π)d/2
Γ(d/2 − α+ 2)Γ(d/2 − β + 1)Γ(α+ β − d/2− 1)
Γ(α)Γ(β)Γ(d − α− β + 2) (k
2)d/2−α−β+3 (B.6d)
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The above formulae are valid for those values of α, β, m only for whih the integrals onverge.
At ℓ = k, a pole is integrable as long as β < d/2. On the other hand, the infrared onvergene
at ℓ = 0 depends on m:
α <
{
d/2 +m/2 for even m
d/2 +m/2 + 1/2 for odd m
. (B.7)
One an relate this inequality to the requirement that the arguments of the rst gamma
funtions in the numerators of Eqs. (B.6) be positive. The ultraviolet onvergene is ontained
in the third gamma funtion of the numerators. For onvergene, the relation
α+ β >
{
d/2 +m/2 for even m
d/2 +m/2− 1/2 for odd m (B.8)
has to be satised. Obviously, odd values of m, ompared to even values, work in favor of
onvergene both in the infrared and in the ultraviolet, due to the angular integration. In
sums of UV divergent two-point integrals, the angular integration eliminates the divergene in
some ases. For instane, the Brown-Pennington projetion of the gluon propagator in Landau
gauge [167℄,
Rζ=dµν (k)Dµν(k) ∼ ln Λ (B.9)
eliminates the unphysial quadrati divergenes proportional to the metri tensor, by virtue
of Rdµν(k) in Eq. (2.82). We demonstrate that this elimination an be due to the angular
integration for the Brown-Pennington projetion of the o-shell ghost loop (2.81a) for d = 3
and the ultraviolet ghost propagator (3.58),
χζ(k) = g2
Nc
4
∫
d¯3ℓ
[
1− ζ(ℓˆ · kˆ)2 + (ζ − 1)ℓ · k
ℓ2
]
d(ℓ)d(ℓ − k)
(ℓ− k)2
=
g2Nc
16π2
Λ∫
dℓ
ℓ2√
ln(ℓ2)
1∫
−1
dx
[
1− ζx2 + (ζ − 1)kx
ℓ
]
1
(ℓ2 + k2 − 2ℓkx)√ln(ℓ2 + k2 − 2ℓkx)
=
g2Nc
16π2
Λ∫
dℓ
1
ln(ℓ2)
(
2
3
(3− ζ) +O(k
2
ℓ2
)
)
= (3− ζ)O
(
Λ
ln(Λ2)
)
+ finite (B.10)
For ζ = d = 3, the linear divergene of the ghost loop vanishes.
Another anellation of UV divergenes is enountered when implementing the horizon ondi-
tion in the ghost DSE (2.49). The proposition laimed in setion 2.6 is that although the ghost
self-energy Σ is UV divergent, the naive usage of the formulae (B.6) yields the orret result
for the nite dierene d−1(k) − d−1(0). The proof is here restrited to two-point integrals
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I(k) = Ξ0(α, β) with n := α+β suh that I(k) does not onverge in the UV. Let
d
2 > n >
d
2−1.
With the Feynman parameter trik (B.2), we get
I(k) =
1
B(α, β)
1∫
0
dx
1∫
0
dy δ(x+ y − 1)xα−1yβ−1
∫
d¯dℓ
1
(xℓ− y(ℓ− k))n
=
Ωd
(2π)dB(α, β)
1∫
0
dx
1∫
0
dy δ(x+ y − 1)xα−1yβ−1J(x, y; k) (B.11)
where Ωd = 2π
d/2/Γ(d/2) and the funtion
J(x, y; k) =
1
2
Λ2∫
0
dℓ2
(ℓ2)
d
2
−1
(ℓ2 +∆)n
(B.12)
with ∆ = xyk2 is regulated by the UV ut-o Λ. Employ the mean-value theorem,
1
(ℓ2 +∆)n
=
1
(ℓ2)n
− n∆
(ℓ2 + ξ∆)n+1
, 0 < ξ < 1 , (B.13)
to realize that J an be written as J = J
reg
+ J∞ with
J∞ =
1
2
1
d
2 − n
(Λ2)
d
2
−n Λ→∞−→ ∞ (B.14)
J
reg
(k) = −n∆
2
Λ2∫
0
dℓ2
(ℓ2)
d
2
−1
(ℓ2 + ξ∆)n+1
Λ→∞
< ∞ (B.15)
for the values
d
2 > n >
d
2 − 1 of the exponent n = α+ β. In order to determine Jreg = J − J∞
expliitly, write
J
reg
(k) =
1
2
Λ2∫
0
dℓ2(ℓ2)
d
2
−1
[
1
(ℓ2 +∆)n
− 1
(ℓ2)n
]
=
1
2
Λ2∫
0
dℓ2(ℓ2)
d
2
−1 1
Γ(n)
∞∫
0
dt tn−1
[
e−(ℓ
2+∆)t− e−ℓ2t
]
(B.16)
With help of the identity
e−at− e−bt = e−bt(b− a)t
1∫
0
ds e−(a−b)ts (B.17)
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we an now ompute J
reg
:
J
reg
(k) =
1
2
Λ2∫
0
dℓ2(ℓ2)
d
2
−1 1
Γ(n)
∞∫
0
dt tn−1 e−ℓ
2t
1∫
0
ds e−st∆(−t∆)
= −1
2
∆
Γ(n)
Γ
(d
2
) 1∫
0
ds
∞∫
0
dt tn−
d
2 e−st∆ , n+ 1 >
d
2
= −1
2
∆
Γ(d2)Γ(n− d2 + 1)
Γ(n)
1∫
0
ds
1
(s∆)n−
d
2
+1
, n <
d
2
= +
1
2
∆
d
2
−nΓ(
d
2)Γ(n− d2)
Γ(n)
(B.18)
Plugging this result bak into the denition of I(k) in Eq. (B.11), one nds
I(k) = I∞ + Ireg(k) (B.19)
I∞ =
1
(4π)
d
2Γ(d2)(
d
2 − n)
(Λ2)
d
2
−n
(B.20)
I
reg
(k) =
2π
d
2
(2π)dΓ(d2)
Γ(d2)Γ(n− d2)
B(α, β)Γ(n)
1
2
B
(d
2
− α, d
2
− β)(k2) d2−n
=
1
(4π)d/2
Γ(d/2 − α)Γ(d/2 − β)Γ(α + β − d/2)
Γ(α)Γ(β)Γ(d − α− β) (k
2)d/2−α−β . (B.21)
The regular part of I(k) would have been found orretly by diret usage of Eq. (B.6a), despite
the UV divergene.
Finally, another result of a two-point sort of integral is provided that omes into play in the
gluon hain in hapter 5.4. It reads
X(α, β) :=
∫
d¯dℓ
|ℓ× k|
(ℓ2)α((ℓ− k)2)β , (B.22)
where in d dimensions |ℓ × k| an be understood as the projetion of ℓ to the hypersurfae
perpendiular to k. The Feynman trik (B.2) yields after the shift ℓ→ ℓ− yk (whih does not
aet the numerator in Eq. (B.22))
X(α, β) =
1
B(α, β)
1∫
0
dx
1∫
0
dy δ(x + y − 1) xα−1yβ−1
∫
d¯dℓ
|ℓ× k|
(ℓ2 +∆)α+β
. (B.23)
If θ is the enlosed angle of ℓ and k, |ℓ× k| = ℓk sin θ, its integration gives
π∫
0
dθ sind−1 θ = B
(d
2
,
1
2
)
, (B.24)
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whereas the remnant angular integrals simple yield surfae of the unit sphere with d→ d− 1,
Ωd−1 =
2
√
π
d−1
Γ(d2 − 12)
. (B.25)
Thus, Eq. (B.23) is alulated by
X(α, β) =
1
(2π)d
B(d2 ,
1
2 )Ωd−1
B(α, β)
1∫
0
dy δ(x+ y − 1) xα−1yβ−1 1
2
∞∫
0
dℓ2
kℓ
d
2
− 1
2
(ℓ2 +∆)α+β
=
1
(4π)d/2
Γ(d2 +
1
2 − α)Γ(d2 + 12 − β)Γ(d2 )Γ(α+ β − d2 − 12)
Γ(α)Γ(β)Γ(d2 − 12)Γ(d+ 1− α− β)
(k2)
d
2
+1−α−β
(B.26)
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C Infrared limit of the ghost-gluon vertex
The rather tehnial projet of determining the infrared limit of the ghost-gluon vertex to yield
the solution shown in Table 3.2, is presented here. We use the trunated vertex DSE as shown
in Fig. 3.6. To illustrate how to keep trak of olor group and vertex fators, rst note that the
triangle diagrams omprise a trae of generators, tr
(
Tˆ aTˆ bTˆ c
)
, as well as three vertex fators
of ig, i.e.
a
b

= (ig)3 tr
(
Tˆ aTˆ bTˆ c
)
= g2
Nc
2
a
b

1
(C.1)
due to Eq. (A.5). We now onsider the infrared gluon limit of the rst loop diagram (3.79).
With the identity
ℓαβ(q)tαβ(ℓ− q) = ℓ
2
(ℓ− q)2 −
(ℓ · q)2
q2(ℓ− q)2 (C.2)
we an express this diagram in the infrared limit of the remnant ghost momentum q by two-
point integrals,
lim
q→0
Γ(GGA)µ (0; q, q) = Γ
(0)
µ (q) Cg
2Nc
2
AB2
(
Ξ1(1 + 2κ,
d
2
− 2κ)− Ξ3(2 + 2κ, d
2
− 2κ)/q2
)
= Γ(0)µ (q) C
1
2
I1
IA
, (C.3)
where
I1 =
1
(4π)d/2
d− 1
d (1 + 2κ) Γ(d/2)
. (C.4)
and we have used Eq. (2.60). The fator of C appears in Eq. (C.3) sine the infrared limit
is taken as in Eq. (3.75). A fator of
1
2 stemming from the olor trae (C.1) is left expliit.
Considering the seond loop integral of the ghost-gluon vertex DSE, the result (3.71) for the
three-gluon vertex in the infrared limit is plugged into the expression (3.78) to nd that
lim
q→0
Γ(GAA)µ (0; q, q) = (−2)ig5A2B4I3 qµ
N2c
4
∫
d¯dℓ ℓ · q
(
1− (pˆ · ℓˆ)2
)
D2Z(ℓ)DG(ℓ− p)(ℓ2)−(αG−αZ )
= (−2)igqµ 1
4
I3
I2A
(
Ξ1(d/2 − κ, 1 + κ)− Ξ3(d/2 − κ+ 1, 1 + κ)/q2
)
= Γ(0)µ (q) (−2)
1
4
I2I3
I2A
(C.5)
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where I3 was dened in Eq. (3.72) and
I2 =
1
(4π)d/2
d− 1
(d− 2κ)Γ(d/2 + 1) . (C.6)
The fator of (−2) in Eq. (C.5) is the prefator of the ghost triangle in the three-gluon vertex
DSE, see Fig. 3.4. Altogether, the infrared gluon limit of the ghost-gluon vertex, dened by
Eq. (3.75) yields,
C = 1 +
1
2
C
I1
IA
− 1
2
I2I3
I2A
(C.7)
and one an nd C to obey
C = 2
{
4κ (d− 1) d
(
Γ(1 +
d
2
)− κ Γ(d
2
)
)
Γ(d− 3κ)Γ(d
2
− κ)Γ(−κ)2Γ(1
2
+ κ)Γ(1 + 2κ)
Γ(2 + 2κ)−√π Γ(d
2
− 2κ)3Γ(1 + d
2
+ κ)2Γ(2− d
2
+ 3κ)
}/
{
(d− 1) (d− 2κ) Γ(d− 3κ) Γ(−κ) Γ(1 + 2κ)2(
41+κΓ(1 +
d
2
)Γ(
d
2
− κ)Γ(−κ)Γ(3
2
+ κ) +
√
πΓ(
d
2
− 2κ)Γ(1 + d
2
+ κ)
)}
(C.8)
As an be heked, this leads to the numerial values of C given by table 3.2 for the various
solutions of κ. A anellation of the two loop diagrams, see Eq. (3.81), must yield C = 1 in
Eq. (C.7). In this ase
1 =
I1IG
I2I3
=
(d− 1)(d− 2κ)Γ(d − 3κ)Γ(1 − κ)Γ(2κ)Γ(2κ + 2)
Γ2(d2 − 2κ)Γ(d2 + κ+ 1)Γ(2 + 3κ− d2 )
(C.9)
and among the solution κa(d) and κb(d) that solve IG = IA, see Fig. 2.5, Eq. C.9 uniquely
yields κ = 12 with d = 3.
One might objet that the Bose symmetry of the ghost triangle ontribution to the three-gluon
vertex is broken, for only the upper vertex is dressed while the others are at tree-level (see Fig.
3.4). In the derivation of the DSE, the hannel to start the alulation in is an arbitrary hoie.
Therefore, one might as well nd the upper vertex dressed. If we repeat the alulation, the
DSE for the ghost-gluon vertex now reads
C = 1 +
1
2
C
I1
IA
− 1
2
C
I2I3
I2A
, (C.10)
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f. Eq. (C.7), and the solution an be found to be
C = 4(d− 1)(2κ + 1)2Γ2(d
2
+ 1)Γ(d − 3κ)Γ(d
2
− κ+ 1)Γ2(−κ)Γ3(2κ+ 1)/{
d(2κ+ 1)Γ(
d
2
)Γ(κ+ 1)Γ2(
d
2
+ κ+ 1)Γ(3κ + 2− d
2
)Γ3(
d
2
− 2κ)
+(d− 1)(d − 2κ)Γ(d
2
+ 1)Γ(d − 3κ)Γ(−κ)Γ(2κ + 1)Γ(2κ + 2)(
Γ(
d
2
− 2κ)Γ(κ + 1)Γ(d
2
+ κ+ 1) + 2Γ(
d
2
+ 1)Γ(
d
2
− κ)Γ(−κ)Γ(2κ + 2)
)}
(C.11)
Again, the limit d→ 3 and κ→ 12 yields the result C = 1. Apparently, it makes no dierene
whih one of the verties is at tree-level.
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D Hamiltonian approah to φ4 theory
The φ4 theory is a popular toy model to illustrate some aspet of a physial eld theory in a
simpler ontext. Unfortunately, the φ4 theory in d = 4 dimensions suers from the triviality
problem whih states that after renormalization, the oupling parameter is equally zero and a
free eld theory is onsidered [168℄. This problem an be irumvented by hoosing a negative
oupling parameter whih is at the prize of losing the boundedness of the spetrum. In this
appendix, we will use the φ4 theory in order to show how the variational priniple an be
applied, in aordane to hapter 3.
With the lassial Lagrangian density
L = 1
2
(∂µφ)∂
µφ− 1
2
m2φ2 − λ
4!
φ4 (D.1)
and the onjugate momenta
π =
δL
δ∂0φ
= ∂0φ (D.2)
we an dene the lassial Hamiltonian
H =
∫
d3x
(
1
2
π2 +
1
2
(∇φ)2 + 1
2
m2φ2 +
λ
4!
φ4
)
. (D.3)
The equal-time anonial quantization relations, [φ(x, t), π(y, t)] = iδ3(x, y), lead to the repre-
sentation
π(x) =
δ
iδφ(x)
(D.4)
of the momentum operator, where x is a 3-vetor and the time is xed in the Shrödinger
piture. Thus, the quantum theory is dened by the Hamiltonian (D.3) in terms of the eld
operators.
The time-independent Shrödinger equation H |ψ 〉 = E |ψ 〉, along with the semi-deniteness
of H for λ > 0 infers that the vauum wave funtional ψ[φ] = 〈φ|ψ〉 an be determined by a
variational priniple
E0 = 〈ψ| H |ψ 〉 −→ min. (D.5)
As an ansatz, we hoose a Gaussian wave funtional
ψ[φ] = N exp
(
−1
2
∫
d3x
∫
d3y φ(x)ω(x, y)φ(y)
)
≡ N exp
(
−1
2
φxωxyφy
)
(D.6)
where the short-hand notation keeps the oordinate dependene as an index and the integration
is impliit by means of the sum onvention. The kernel ω is determined by the variational
priniple (D.5).
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Expetation values are omputed by
〈O[φ]〉 = 〈φ| O[φ] |φ〉 =
∫
Dφ ψ∗[φ]O[φ]ψ[φ] = O
[
δ
δφ
]
Z[j]
∣∣∣∣
j=0
(D.7)
where the generating funtional Z[j] is dened as
Z[j] = N 2
∫
Dφ exp (−φxωxyφy + jxφy)
=
{
N 2
∫
Dφ ′ exp (−φ′xωxyφ′y)} · exp(14jxω−1xy jy
)
= exp
(
1
4
jxω
−1
xy jy
)
(D.8)
Above, after a quadrati ompletion, the expression in the urly brakets is 〈1〉 = 1 by virtue
of the normalization of the wave funtional via N .
The vauum energy E0 is now alulated term by term, as a funtional of ω. First of all, the
mass term yields
m2
2
〈φxφy〉 = m
2
2
δ
δjx
δ
δjx
e
1
4
juω
−1
uv jv
∣∣∣
j=0
=
m2
2
δ
δjx
1
2
ω−1xx′jx′ e
1
4
juω
−1
uv jv
∣∣∣
j=0
=
m2
4
ω−1xx (D.9)
The above term is basially the trae of the propagator
〈φ(x)φ(y)〉 = 1
2
ω−1(x, y) . (D.10)
In order to understand better the meaning of the quantity ω−1xx , use the expliit notation and
relate it to its Fourier transform,
ω−1xx =
∫
d3[xy]ω−1(x, y)δ3(x, y) =
∫
d3[xy]
∫
d¯3k ω−1(k) eik·(x−y) δ3(x, y)
= V
∫
d¯3k ω−1(k) (D.11)
where V =
∫
d3x is the volume of oordinate spae. The rst variational derivative in the
alulation (D.9) brings down a soure term jx′ from the exponential so that the seond
variational derivative ats not only on the exponential but also on the latter soure term jx′ .
Setting soures to zero at the end of the alulation generally eliminates some terms. Some
ombinatoris is neessary to deal with the quarti term in the energy, we just write down the
result:
λ
4!
∫
d3x
〈
(φ(x))4
〉
=
λ
8
V
∫
d¯3ℓ ω−1(ℓ)ω−1(ℓ− k) (D.12)
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The kineti energy is found to give
1
2
〈πxπx〉 = 1
2
∫
Dφ
∣∣∣∣ δiδφxψ[φ]
∣∣∣∣2 = 12ωxyωxz 〈φyφz〉 = 14ωxx
=
1
4
V
∫
d¯3k ω(k) (D.13)
where the propagator (D.10) was used.
Furthermore, the spatial derivative terms of the Hamiltonian (D.3) yield expliitly
1
2
∫
d3x
〈
φ(x)(−∂2x)φ(x)
〉
=
∫
d3[xy]δ3(x, y)(−∂2x) 〈φ(y)φ(x)〉
=
∫
d3[xy]δ3(x, y)(−∂2x)
∫
d¯3k
1
2
ω−1(k) eik·(x−y)
=
1
2
V
∫
d¯3k ω−1(k)k2 (D.14)
Summing up all ontributions, the energy is found to be
E = V
∫
d¯3k
(
1
4
ω−1(k)(k2 +m2) +
1
4
ω(k) +
λ
8
∫
d¯3ℓ ω−1(k)ω−1(ℓ− k)
)
(D.15)
and it is minimized w.r.t. the kernel ω,
0 =
δE/V
δω−1(k)
=
1
4
(k2 +m2)− 1
4
ω2(k) +
λ
4
∫
d¯3ℓ ω−1(ℓ) (D.16)
whih leads to the gap equation:
ω2(k) = k2 +m2 + λ
∫
d¯3ℓ ω−1(ℓ) (D.17)
The term gap equation is sensible sine even if the mass parameter m was zero to begin
with, there would be a mass dynamially generated by the last term in Eq. (D.17). Hene, it
desribes the lowest allowed energy level of the spetrum, i.e. a mass gap. That term stems
from the quarti term in the Hamiltonian and is also present in the YM Hamiltonian. It is a
divergent onstant subtrated in our approah. In the φ4 theory, Eq. (D.17) must be solved
iteratively and renormalization beomes neessary. For further reading, see e.g. Ref. [169℄.
If suh a term is of any signiane for YM theory, then it will have an eet only on the
intermediate regime of ω(k). The infrared dominant urvature term from gauge xing is of
ourse absent in the φ4 version (D.17) of the gap equation.
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E Identities for Gaussian expetation values
The Gaussian expetation values
〈O〉ω =
∫
DA Ψ˜∗[A]OΨ˜[A] (E.1)
with the normalized wave funtional,
1 =
∫
DA
∣∣∣Ψ˜[A]∣∣∣2 = N 2 ∫ DA e− R dd[xy]Aai (x)ωabij (x,y)Abj(y) , (E.2)
an be shown to yield some useful identities. Take a variational derivative of Eq. (E.2) w.r.t.
ωabij (x, y) = tij(x)ω(x, y)δ
ab
,
0 =
δ lnN 2
δωabij (x, y)
−
〈
Aai (x)A
b
j(y)
〉
ω
, (E.3)
to nd
δ lnN 2
δωabij (x, y)
=
1
2
(ω−1)abij (x, y) . (E.4)
For expetation values (E.1) of operators O = O[A], a variational derivative thus gives
δ〈O〉ω
δωabij (x, y)
=
〈
Aai (x)A
b
j(y)
〉
ω
〈O〉
ω
− 〈Aai (x)Abj(y)O〉ω , (E.5)
i.e. a ovariane. Using Wik's theorem, a few manipulations yield the identity〈
δ2O
δAai (x)δA
b
j(y)
〉
ω
= −4
∫
dd[uv]ωacim(x, u)
δ 〈O〉ω
δωcdmn(u, v)
ωdbnj(v, y) . (E.6)
For O = Hp[A], this leads diretly to Eq. (5.75).
A little more eort is required for expetation values of operators O = H˜[A,Π] that involve
the momentum operator Π. The equivalent of Eq. (E.5) is then
δ〈H˜〉ω
δωabij (x, y)
=
〈
Aai (x)A
b
j(y)
〉
ω
〈
H˜
〉
ω
− 1
2
〈
[Aai (x)A
b
j(y), H˜ ]+
〉
ω
, (E.7)
whereby [ , ]∓ denotes the antiommutator (+), or the ommutator (−), respetively. The
antiommutator in Eq. (E.7) an be rewritten as
[Aai (x)A
b
j(y), H˜]+ = −
δ2H˜
δΠai (x)δΠ
b
j(y)
+Aai (x)H˜A
b
j(y) +A
b
j(y)H˜A
a
i (x) (E.8)
using [Ai, [Aj , H˜]−]− = − δ2 eHδΠiδΠj with Aak(x) = iδ/δΠak(x). With knowledge of the wave fun-
tional,
Aak(x)Ψ˜[A] = −
∫
ddy (ω−1)abkj(x, y)
δ
δAbj(y)
Ψ˜[A] , (E.9)
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the last two terms in Eq. (E.8) result in〈
Aai (x)H˜A
b
j(y) +A
b
j(y)H˜A
a
i (x)
〉
ω
=
∫
ddu (ω−1)acim(x, u)
〈
δ
δAcm(u)
H˜Abj(y)−Abj(y)H˜
δ
δAcm(u)
〉
ω
=
∫
ddu (ω−1)acim(x, u)
{〈
δH˜
δAcm(u)
Abj(y)
〉
ω
+ 〈H˜〉ωtcbmj(u, y)
−
∫
ddv
〈
H˜Abj(y)A
d
n(v)
〉
ω
ωcdmn(u, v) −
∫
ddv
〈
Abj(y)A
d
n(v)H˜
〉
ω
ωcdmn(u, v)
+
〈
Abj(y)
δH˜
δAcm(u)
〉
ω
+ 〈H˜〉ω tcbmj(u, y)
}
= −
〈[
Aai (x)A
b
j(y), H˜
]
+
〉
ω
+ 2(ω−1)abij (x, y)〈H˜〉ω
+
∫
ddu (ω−1)acim(x, u)
〈[
δH˜
δAcm(u)
, Abj(y)
]
+
〉
ω
(E.10)
The antiommutator in the last line an be rewritten as a ommutator, aording to the
following identity, 〈
[A,O]±
〉
ω
= i ω−1
〈
[Π,O]∓
〉
ω
(E.11)
whih holds for Gaussian expetation values, suh as (E.1).
Proof: Inside the expetation value, the eld operator A an be expressed by a momentum
operator Π, see Eq. E.9. Thus,
〈
[Aak(x),O]±
〉
ω
=
∫
ddy(ω−1)abkj(x, y)
〈
δ
δAbj(y)
O ∓O δ
δAbj(y)
〉
ω
= i
∫
ddy(ω−1)abkj(x, y) 〈[Π,O]∓〉ω  (E.12)
Therefore, 〈[
δH˜
δAcm(u)
, Abj(y)
]
+
〉
ω
=
∫
ddv (ω−1)bdjn(y, v)
〈
δ2H˜
δAcm(u)δA
d
n(v)
〉
ω
. (E.13)
Plugging Eq. (E.13) into the expression (E.10) and the latter with (E.8) into Eq. (E.7), some
anellations our and we end up with
δ〈H˜〉ω
δωabij (x, y)
=
1
4
〈
δ2H˜
δΠai (x)δΠ
b
j(y)
〉
ω
− 1
4
∫
dd[uv](ω−1)acim(x, u)
〈
δ2H˜
δAcm(u)δA
d
n(v)
〉
ω
(ω−1)dbnj(v, y) . (E.14)
Suh an identity was also derived in Ref. [154℄.
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